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This paper presents numerical analysis of the discrete fundamental solution of
the discrete Laplace operator on a rectangular lattice. Additionally, to provide
estimates in interior and exterior domains, two different regularisations of the
discrete fundamental solution are considered. Estimates for the absolute differ-
ence and lp-estimates are constructed for both regularisations. Thus, this work
extends the classical results in the discrete potential theory to the case of a rectan-
gular lattice and serves as a basis for future convergence analysis of the method
of discrete potentials on rectangular lattices.
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1 INTRODUCTION

The tools of classical potential theory are used in various applications to address problems of mathematical physics. As
usual in the use of analytical approaches, their applications to real-world problems involve numerical schemes to solve
boundary integral equations arising from potential-theoretic approaches. The use of numerical schemes implies that
important model properties, such as for example conservation laws, are only approximated and not satisfied on the dis-
crete level. To overcome this obstacle, constriction of discrete analogues of the continuous potential theory has been an
area of active research for several decades.1,2

Different approaches to discrete potential theory and its applications has been studied by several authors in recent
years.3–7 Typically, the classical setting of a square lattice have been addressed so far. However, for practical applications
of discrete potential theory, a more general type of lattices would be advantageous. As a first step towards generalising the
discrete potential theory in the sense of Hommel1 to a more type of lattices, a rectangular lattice allowing two different
stepsizes h1 and h2 has been proposed recently.8–10 Although introducing two stepsizes instead of one stepsize, as in the
classical case, at first look makes impression of a mild change to the theory, it is not the case in reality. The problem comes
from the fact that the discrete fundamental solution of the discrete Laplace operator, which is the core of the discrete
potential theory, on a rectangular lattice cannot be obtained from the discrete fundamental solution on a square lattice.8
Thus, results from the discrete potential theory on square lattices cannot be directly transferred to the rectangular case
and, therefore, needs to be extended.
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The goal of this paper is to present results in numerical analysis of the discrete fundamental solution of the discrete
Laplace operator on a rectangular lattice. Precisely, error estimates (pointwise difference and lp-estimates) for two regular-
isations of the discrete fundamental solutions are constructed for interior and exterior settings. The reason for using two
regularisation is motivated by the fact, that the first regularisation suits better for interior problems, while the second one
allows consideration of exterior problems. All estimates are constructed explicitly, and plots illustrating the estimates are
provided. Thus, this work provides a basis for studying convergence of discrete potentials on rectangular lattice, which is
the scope of future work.

2 FUNDAMENTAL SOLUTION OF THE DISCRETE LAPLACE OPERATOR
ON A RECTANGULAR LATTICE

Let us denote by R2
h1,h2

∶=
{

x ∈ R2 | x = (m1h1,m2h2),m𝑗 ∈ Z, 𝑗 = 1, 2
}

an unbounded rectangular lattice in R2 with two
lattice constants h1, h2 > 0. We introduce now the shift operators8,10 S±𝑗x ∶= x + h|𝑗|e±𝑗 , x ∈ R2, with e𝑗 , 𝑗 = 1, 2 being
the standard unit vectors in R2 and the convention e−𝑗 = −e𝑗 . Next, we introduce the classical finite difference operators
D𝑗 = 1

h𝑗

(S𝑗 − I) and D−𝑗 = 1
h𝑗

(I − S−𝑗) for 𝑗 = 1, 2, where I denotes the identity operator. The discrete Laplace operator
Δh1,h2 on a rectangular lattice is then introduced as follows:

Δh1,h2 ∶=
2∑

𝑗=1
D−𝑗D𝑗 =

2∑
𝑗=1

D𝑗D−𝑗 .

The discrete fundamental solution is introduced in the following definition:

Definition 1. The function Eh1,h2 is called a discrete fundamental solution of the discrete Laplace operator Δh1,h2 if it
satisfies

−Δh1,h2 Eh1,h2(x) = 𝛿h1,h2 (x) (1)

for all mesh points x = (m1h1,m2h2) of R2
h1,h2

, where 𝛿h1,h2(x) is the discrete Dirac delta function defined as follows

𝛿h1,h2 (x) ∶=
{ 1

h1h2
, for x = (0, 0),

0, for x ≠ (0, 0).

The discrete fundamental solution Eh1,h2 is constructed by help of the discrete Fourier transform on a rectangular
lattice,8,11 and it is given by the following integral representation:

Eh1,h2 (m1h1,m2h2) =
( 1

2𝜋

)2

𝜋

h2

∫
− 𝜋

h2

𝜋

h1

∫
− 𝜋

h1

e−i(m1h1𝑦1+m2h2𝑦2) − 1
d2 d𝑦1d𝑦2, (2)

which is the discrete fundamental solution of the discrete Laplace operator on a rectangular lattice, and d2 = 4
h2

1
sin2 h1𝑦1

2
+

4
h2

2
sin2 h2𝑦2

2
is the corresponding Fourier symbol. A discussion on the relation between the discrete fundamental solution (2)

and the classical discrete fundamental solution on a rectangular lattice has been done already,10 and it has been underlined
that the fundamental solution on a rectangular lattice cannot be obtained from the fundamental solution on a square
lattice. For the convergence analysis of the discrete fundamental solution Eh1,h2 (m1h1,m2h2) the following regularisation
of the continuous solution will be used12:

E(x) = 1
(2𝜋)2

⎛⎜⎜⎝ ∫|y|<1

e−ix·y − 1
y2 dy + ∫|y|>1

e−ix·y

y2 dy
⎞⎟⎟⎠ = − 1

2𝜋
(C − ln 2 − ln |x|), (3)

where C = lim
n→∞

(
− ln n +

n∑
k=1

1
k

)
≈ 0.57721 is the Euler constant.
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First steps in convergence analysis will be performed by working with the following regularised form of the discrete
fundamental solution

E(1)
h1,h2

(x) = 1
(2𝜋)2

⎛⎜⎜⎜⎝ ∫|y|<1

e−ix·y − 1
d2 dy + ∫|y|>1,y∈Qh1 ,h2

e−ix·y

d2 dy
⎞⎟⎟⎟⎠ , with Qh1,h2 ∶=

{
y ∈ R

2| − 𝜋

h𝑗

< 𝑦𝑗 <
𝜋

h𝑗

, 𝑗 = 1, 2
}

, (4)

where it has been taken into account that the convergence analysis is of interest here, i.e., h1, h2 → 0, and therefore, the
interior of unit disk |y|<1 needs to lay inside the rectangle Qh1,h2 , meaning that h1 <𝜋 and h2 <𝜋. The discrete fundamental
solution E(1)

h1,h2
(x) differs from the discrete fundamental solution (2) by the following expression depending on h1 and h2:

K1 = 1
(2𝜋)2 ∫|y|>1,y∈Qh1 ,h2

1
d2 dy.

3 ESTIMATES FOR THE DISCRETE FUNDAMENTAL SOLUTION OF THE
DISCRETE LAPLACE OPERATOR

It is important to remark that formula (2) provides a general form of the discrete fundamental solution of the discrete
Laplace operator on a rectangular lattice. However, for analysis of this fundamental solution, similar to the continuous
case,12 it is necessary to work with a regularised version of it. One of possible regularisations is provided by formula (4),
which, as it will be shown in this section, is suitable for constructing error estimates in the interior setting, but not for the
exterior setting. Therefore, the estimates in the exterior setting will be constructed by working with another regularisation
of the discrete fundamental solution (2), which will be introduced in Section 3.2. For both regularisations, estimates for
the pointwise difference to the continuous fundamental solution, as well as difference in lp space, will be presented in
this section.

3.1 Estimates for the discrete fundamental solution E(1)
h1,h2

Let us start with the following theorem:

Theorem 1. Let E(1)
h1,h2

be the discrete fundamental solution given in (4) of the discrete Laplace operator, and let E be

the continuous fundamental solution (3) of the classical Laplace operator. Then for all x≠ 0 and all h1, h2 <
√

2𝜋 the
following estimate holds

|E(1)
h1,h2

(x) − E(x)| ≤ C1 max
{

h2
1, h2

2
}
+ C2|x| max {h1, h2} +

C3|x| max
{

h2
1, h2

2
}

min {h1, h2}
,

where C1, C2, and C3 are arbitrary constants independent on the stepsizes h1 and h2.

Proof. The use of definitions of the fundamental solutions and application of the triangle inequality leads to the
following:

|E(1)
h1,h2

(x) − E(x)| ≤ 1
(2𝜋)2

||||||| ∫|y|<1

(
1
d2 − 1|y|2

)
(e−ix·y − 1)dy

|||||||
+ 1

(2𝜋)2

|||||||| ∫|y|>1,y∈Qh1 ,h2

(
1
d2 − 1|y|2

)
e−ix·ydy

|||||||| +
1

(2𝜋)2

|||||||| ∫|y|∈R2∖Qh1 ,h2

e−ix·y|y|2 dy

|||||||| .
(5)
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At first, the term I1 ∶= 1
(2𝜋)2

||||| ∫|y|<1

(
1

d2 −
1|y|2
)
(e−ix·y − 1)dy

||||| will be estimated. Estimation of I1 requires at first an

adaptation of some preliminary results from Stummel13 to the case of a rectangular lattice. Recalling that for the
variables 𝜉𝑗h1,h2

(𝑦𝑗) = 1
h𝑗

(1 − eih𝑗𝑦𝑗 ), 𝑗 = 1, 2 the following equalities are satisfied

|𝜉𝑗h1,h2
(𝑦𝑗)| = ||||||

√
1
h2
𝑗

[
(1 − cos h𝑗𝑦𝑗)2 + sin2h𝑗𝑦𝑗

]|||||| =
||||| 1
h𝑗

√
2 − 2 cos h𝑗𝑦𝑗

||||| = 2
h𝑗

|||||sin
h𝑗𝑦𝑗

2

||||| ,
the following equality for variables 𝜉−𝑗h1,h2

(𝑦𝑗) = 1
h𝑗

(e−ih𝑗𝑦𝑗 − 1), 𝑗 = 1, 2 is obtained then straightforwardly

|𝜉−𝑗h1,h2
(𝑦𝑗)| = 2

h𝑗

|||||sin
h𝑗𝑦𝑗

2

||||| .
Finally, by help of the Jordan's inequality 2

𝜋
x ≤ sin x ≤ x for x ∈

[
0, 𝜋

2

]
, the following estimates can be obtained

2
𝜋
|𝑦𝑗| ≤ |𝜉𝑗h1,h2

(𝑦𝑗)| ≤ |𝑦𝑗|, 𝑗 = 1, 2, 𝑦 ∈ Qh1,h2 .

Now, left inequalities for each j will be considered, and after squaring both sides and adding inequalities for 𝑗 = 1
and 𝑗 = 2, the following inequality is obtained:

4
𝜋2 (|𝑦1|2 + |𝑦2|2) ≤ |𝜉1

h1,h2
(𝑦1)|2 + |𝜉2

h1,h2
(𝑦2)|2, ⇒ 4

𝜋2 |y|2 ≤ d2.

To estimate the expression 1
d2 − 1|y|2 , the Fourier symbol d2 will be expanded into Taylor series, and by using the

equality 1|y|2 ≥ 4
𝜋2d2 , the following estimate is obtained

0 ≤ 1
d2 − 1|y|2 ≤ 𝜋2

48
max

{
h2

1, h2
2
}
. (6)

By using trigonometric identities, as it has been done above, the expression ||e−ix·y − 1|| can be estimated from above
by 2. Finally, the term I1 is estimated as follows:

I1 ≤ 1
96

max
{

h2
1, h2

2
}

∫|y|<1

dy = 𝜋

96
max

{
h2

1, h2
2
}
. (7)

To estimate the term I2 ∶= 1
(2𝜋)2

|||||| ∫|y|>1,y∈Qh1 ,h2

(
1

d2 −
1|y|2
)

e−ix·ydy
||||||, integration by parts w.r.t. y1 will be used. Particu-

larly, considering that the integration domain |y| > 1 ∧ y ∈ Qh1,h2 is a rectangular domain with a circular whole of
radius 1, the integration by parts leads to the following three summands:

I2 ≤ 1
(2𝜋)2

||||||| ∫|y|=1

− 1
ix1

(
1
d2 − 1|y|2

)
e−ix·y cos(n⃗, 𝑦1)dy

||||||| +
1

(2𝜋)2

||||||||−
1

ix1

𝜋

h2

∫
𝑦2=−

𝜋

h2

(
1
d2 − 1|y|2

)
|𝑦1=

𝜋
h1

e−ix2𝑦2

(
e−ix1

𝜋

h1 − eix1
𝜋

h1

)
d𝑦2

||||||||
+ 1

(2𝜋)2

||||||||
1

ix1 ∫|y|>1,y∈Qh1 ,h2

(
2𝑦1|y|4 −

2h−1
1 sin(h1𝑦1)

d4

)
e−ix·ydy

|||||||| ,

LEGATIUK ET AL. 8005

 10991476, 2024, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.7747 by W

estsächsische H
ochschule Z

w
ickau, W

iley O
nline L

ibrary on [18/08/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



where n⃗ denotes the outer unit normal vector, which is related to the unit circle |y| = 1 in our case, and the second
summands combines terms obtained for 𝑦1 = − 𝜋

h1
and 𝑦1 = 𝜋

h1
. Estimating first two summands similar to I1, we get:

I2 ≤ 1
192

1|x1| max
{

h2
1, h2

2
}

∫|y|=1

dy + 1
96

1|x1| max
{

h2
1, h2

2
} 𝜋

h2

∫
𝑦2=−

𝜋

h2

d𝑦2 +
1

(2𝜋)2
1|x1| ∫|y|>1,y∈Qh1 ,h2

||||| 2𝑦1|y|4 −
2h−1

1 sin(h1𝑦1)
d4

||||| dy.

At first, the expression under the last integral is estimated as follows:

||||| 2𝑦1|y|4 −
2h−1

1 sin(h1𝑦1)
d4

||||| ≤ |||| 2𝑦1|y|4 − 2 sin(h1𝑦1)
h1|y|4 |||| + |||||2 sin(h1𝑦1)

h1|y|4 −
2h−1

1 sin(h1𝑦1)
d4

|||||
≤ |||||2𝑦1 − 2h−1

1 sin(h1𝑦1)|y|4 ||||| + 2
h1

|||||sin(h1𝑦1)
(

d4 − |y|4
d4|y|4

)||||| = I + II.

Next, expanding sin(h1𝑦1) into Taylor series the term I is estimated as follows:

I =
|||||2𝑦1 − 2h−1

1 sin(h1𝑦1)|y|4 ||||| =
|||||||
2𝑦1 − 2𝑦1 + 2 h2

1 cos(h1𝑦1Θ)
3!

𝑦3
1|y|4
||||||| =

2h2
1

3!

|||||cos(h1𝑦1Θ)𝑦3
1|y|4 ||||| ≤ h2

1

3 |𝑦| , with Θ ∈ (0, 1).

Using the same Taylor expansion for the term II leads to

II = 2
h1

|||||sin(h1𝑦1)
(

d4 − |y|4
d4|y|4

)||||| ≤ 2
h1

|||||h1𝑦1 −
h3

1 cos(h1𝑦1Θ)
3!

𝑦3
1

|||||
|||||d2 − |y|2

d2|y|2 |||||
|||||d2 + |y|2

d2|y|2 ||||| .
The last two factors can be straightforwardly estimated as follows:

|||||d2 − |y|2
d2|y|2 ||||| ≤ 𝜋2 max

{
h2

1, h2
2
}

48
,
|||||d2 + |y|2

d2|y|2 ||||| ≤ 𝜋2

2|y|2 ,
where inequality (6) and related results have been used. Thus, the term II is estimated as follows:

II ≤ |||||2𝑦1 −
h2

1 cos(h1𝑦1Θ)
3

𝑦3
1

||||| · 𝜋
2 max

{
h2

1, h2
2
}

48
· 𝜋2

2|y|2 ≤
(

2 |𝑦1| + |||||h2
1 cos(h1𝑦1Θ)

3
𝑦3

1

|||||
)

·
𝜋4 max

{
h2

1, h2
2
}

96|y|2
≤
(

2 |y| + h2
1

3
|y|3) ·

𝜋4 max
{

h2
1, h2

2
}

96|y|2 =
𝜋4 max

{
h2

1, h2
2
}

48 |y| +
𝜋4h2

1 max
{

h2
1, h2

2
}

288
|y| .

Collecting both estimates for I and II leads to

||||| 2𝑦1|y|4 −
2h−1

1 sin(h1𝑦1)
d4

||||| ≤
(

h2
1

3
+

𝜋4 max
{

h2
1, h2

2
}

48

)
1|y| + 𝜋4h2

1 max
{

h2
1, h2

2
}

288
|y|. (8)
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Finally, the following estimate for I2 is obtained:

I2 ≤ max
{

h2
1, h2

2
}

192 · |x1| ∫|y|=1

dy +
max

{
h2

1, h2
2
}

96 · |x1|
𝜋

h2

∫
𝑦2=−

𝜋

h2

d𝑦2

+ 1
4𝜋2|x1| ∫|y|>1,y∈Qh1 ,h2

[(
h2

1

3
+

𝜋4 max
{

h2
1, h2

2
}

48

)
1|y| + 𝜋4h2

1 max
{

h2
1, h2

2
}

288
|y|] dy.

The last integral has to be calculated by using polar coordinates. To enable the transformation to polar coordi-
nates, the rectangle Qh1,h2 has been extended to a square with a side-length equal to the maximum side of the original
rectangle. Thus, the transformation to polar coordinates could be performed leading the following calculations for 1|y| :

∫|y|>1,y∈Qh1 ,h2

1|y|dy ≤
2𝜋

∫
0

√
2𝜋

min{h1 ,h2}

∫
1

1
r
· r drd𝜑 = 2𝜋

( √
2𝜋

min {h1, h2}
− 1

)
.

In order to assure positiveness of the expression
( √

2𝜋
min{h1,h2} − 1

)
, a restriction for stepsizes h1, h2 needs to be made.

In this case, the last term is positive if min {h1, h2} <
√

2𝜋. Integrating similarly the term |y| and collecting all results,
finally the following estimate for I2 is obtained:

I2 ≤ 𝜋 max
{

h2
1, h2

2
}

96|x1| +
𝜋 max

{
h2

1, h2
2
}

48h2|x1| + 1|x1|
[

h2
1

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}

+
𝜋6
√

2h2
1 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
1 max

{
h2

1, h2
2
}

1728
−

h2
1

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

]
.

For the estimation of the third term I3 ∶= 1
(2𝜋)2

|||||| ∫|y|∈R2∖Qh1 ,h2

e−ix·y|y|2 dy
||||||, again the integration by parts w.r.t. y1 is used,

and taking into account calculation rules for improper integrals it follows:

I3 ≤ 1
(2𝜋)2

|||||||| ∫|y|∈R2∖Qh1 ,h2

e−i(x1𝑦1+x2𝑦2)

𝑦2
1 + 𝑦2

2
d𝑦1d𝑦2

|||||||| ≤
1

(2𝜋)2

||||||| limb→∞ ∫|y|=b

− 1
ix1

1
𝑦2

1 + 𝑦2
2

e−ix𝑦 cos(n⃗, 𝑦1)dy
|||||||

+ 1
(2𝜋)2

||||||||
1

ix1

𝜋

h2

∫
𝑦2=−

𝜋

h2

e−ix2𝑦2

𝜋2h−2
1 + 𝑦2

2

(
e−ix1

𝜋

h1 − eix1
𝜋

h1

)
d𝑦2

|||||||| +
1

(2𝜋)2

||||||||−
1

ix1 ∫|y|∈R2∖Qh1 ,h2

2𝑦1|𝑦|4 e−ix𝑦dy

||||||||
≤ 1

4𝜋2|x1| lim
b→∞ ∫|y|=b

1
𝑦2

1 + 𝑦2
2

dy + 1
2𝜋2|x1|

𝜋

h2

∫
𝑦2=−

𝜋

h2

1
𝜋2h−2

1 + 𝑦2
2

d𝑦2 +
1

2𝜋2|x1| ∫|y|∈R2∖Qh1 ,h2

1|y|3 dy.

The first improper integral tends to zero for b→∞, as well as the third integral is zero. Thus, the following estimate
for I3 is obtained:

I3 ≤ h1

𝜋3|x1| arctan
(

h1

h2

)
.
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Similarly, the use of integration by parts w.r.t. y2 leads to the following estimates for I2 and I3:

I2 ≤ 𝜋 max
{

h2
1, h2

2
}

96|x2| +
𝜋 max

{
h2

1, h2
2
}

48h1|x2| + 1|x2|
[

h2
2

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}

+
𝜋6
√

2h2
2 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
−

h2
2

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

]
,

I3 ≤ h2

𝜋3|x2| arctan
(

h2

h1

)
,

where the restriction min {h1, h2} <
√

2𝜋 has been made again during estimation of I2.
To obtain the final estimates for I2 and I3, the expression (|x1|Ik)2 + (|x2|Ik)2 for k = 2, 3 needs to be studied. For

k = 2 it leads to:

(|x1|I2)2 + (|x2|I2)2 ≤
(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h2
+

h2
1

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}
−

h2
1

6𝜋

+
𝜋6
√

2h2
1 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
1 max

{
h2

1, h2
2
}

1728
−

𝜋3 max
{

h2
1, h2

2
}

96

)2

+

(
𝜋 max

{
h2

1, h2
2
}

96
+

h2
2

3
√

2 min {h1, h2}

+
𝜋 max

{
h2

1, h2
2
}

48h1
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
2 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
−

h2
2

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2

∶= I2,

and thus the final estimate for I2 is obtained

I2 ≤ 1|x|√I2. (9)

Analogously, for k = 3 it leads to

(|x1|I3)2 + (|x2|I3)2 ≤ 1
𝜋6 h2

1arctan2
(

h1

h2

)
+ 1

𝜋6 h2
2arctan2

(
h2

h1

)
,

and thus the final estimate for I3 is obtained:

I3 ≤ 1|x| 1
𝜋3

[
h2

1arctan2
(

h1

h2

)
+ h2

2arctan2
(

h2

h1

)] 1
2

. (10)

Finally, combining the estimates (7), and (9) and (10) for I1, I2 and I3 the final estimate is obtained as follows:

I1 + I2 + I3 ≤ 𝜋

96
max

{
h2

1, h2
2
}
+ 1|x| 1

𝜋3

[
h2

1arctan2
(

h1

h2

)
+ h2

2arctan2
(

h2

h1

)] 1
2

+ 1|x|
[(

𝜋 max
{

h2
1, h2

2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h2
+

h2
1

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
1 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
}

−
𝜋3h2

1 max
{

h2
1, h2

2
}

1728
−

h2
1

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2

+

(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h1
+

h2
2

3
√

2 min {h1, h2}

+
𝜋4 max

{
h2

1, h2
2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
2 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
−

h2
2

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2⎤⎥⎥⎦
1
2

.
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Further, by using estimates h1 < max {h1, h2} and h2 < max {h1, h2} in the numerator of (9), as well as using esti-
mates h1 < min {h1, h2} and h2 < min {h1, h2} in the denominator of (9), and omitting fourth-order term, the above
estimate can be finally simplified to the following form

I1 + I2 + I3 ≤ C1 max
{

h2
1, h2

2
}
+ C2|x| max {h1, h2} +

C3|x| max
{

h2
1, h2

2
}

min {h1, h2}
,

where C1, C2, C3 are constants independent on the stepsizes h1 and h2. Thus, the assertion of the theorem is proved.

For a better presentation of the estimate in Theorem 1, the estimate is calculated along different lines of a rectangular
lattice. To provide a better overview of the estimate, all plots are calculated for the complete form of the estimate obtain on
the pre-last step of the proof of Theorem 1, i.e., without involving extra assumptions for simplification of the final form.
Moreover, the influence of ration 𝛼 = h2

h1
on the estimate is analysed. Additionally, since the estimates tend asymptotically

to zero, only the region with indices till 20 is considered. Figure 1: estimate calculated along coordinate axes and along
the main diagonal of the rectangular lattice, i.e., for points (m1h1, 0), (0, m2h2), and (m1h1, m1h2), respectively, for h1 = 1

2
and h2 = 1

4
. Figure 2: estimate calculated along the main diagonal of the lattice for different values of ratio 𝛼.

As it can be seen from Figures 1 and 2, higher ratio between stepsizes h1 and h2 leads to a bigger error; and the lowest
error is obtained in the case of h1 = h2. This behaviour is not surprising, because a square lattice is, in fact, the ideal mesh

LEGATIUK ET AL. 8009

FIGURE 1 Calculation of the error
estimate along the main diagonal and
coordinate axes based on Theorem 1

FIGURE 2 Calculation of the error
estimate along the main diagonal for
different values of 𝛼 based on
Theorem 1
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from the point of view of numerical approximation. It is also known, that any deviation from the ideal mesh produces
higher approximation error,14 although providing higher flexibility in practical applications.

For convenience reasons of some theoretical constructions, it is worth to present the following shorter version of the
estimate from Theorem 1:

Corollary 1. Under assumptions of Theorem 1 and assuming h2 = 𝛼h1 for 𝛼 ∈ R, the following two cases hold:

(i) for 𝛼 ∈ (0, 1): |E(1)
h1,h2

(x) − E(x)| ≤ C1h2
1 +

h1|x|
(

C2 +
C3

𝛼

)
,

(ii) for 𝛼 ∈ (1,∞): |E(1)
h1,h2

(x) − E(x)| ≤ C1𝛼
2h2

1 +
𝛼h1|x| (C2 + C3𝛼),

where C1, C2, and C3 are arbitrary constants independent on the stepsizes h1, h2, and parameter 𝛼.

Analysing the above estimates, it is clear that estimates diverge for 𝛼→ 0 and 𝛼→∞ for the first and the second
case, respectively. This fact is natural because 𝛼→ 0 and 𝛼→∞ represent extreme cases of a rectangular lattice with
infinitely large rectangles in x1 or x2 directions. In practice however, the parameter 𝛼 will always remain finite and posi-
tive, and thus, the estimate will always be finite, but can be arbitrary large. Finally, the two above cases can be combined
as follows:

Corollary 2. Under assumptions of Theorem 1 and assuming h2 = 𝛼h1 for 𝛼 ∈ R, the following estimate holds:

|E(1)
h1,h2

(x) − E(x)| ≤ C1(𝛼)h2
1 + C2(𝛼)

h1|x| ,
where C1(𝛼) and C2(𝛼) are constants depending on 𝛼, which might tend to infinity for 𝛼→ 0 and 𝛼→∞.

Corollary 2 presents similar behaviour of the estimate (sum of linear and quadratic terms with respect to the stepsize)
as in the case of a square lattice.1,15 However, in the case of a rectangular lattice, only stepsize h1 appears explicitly in the
estimate, while the influence of stepsize h2 is controlled by 𝛼-dependent constants.

Next step is to construct the estimate in lp(Ωh1,h2 ), where Ωh1,h2 is a discrete domain:9

Theorem 2. Let E(1)
h1,h2

be the discrete fundamental solution given in (4) of the discrete Laplace operator, and let E be
the continuous fundamental solution (3) of the classical Laplace operator. Further let A(Ωh1,h2 ) ∶=

∑
x∈Ωh1 ,h2

h1h2, and let

L1 ∶= diam
x1

Ωh1,h2 , L2 ∶= diam
x2

Ωh1,h2 , i.e., the diameters of Ωh1,h2 along x1 and x2 directions, respectively. Then for all

x≠ 0 and h1, h2 <
√

2𝜋 the following estimates in lp(Ωh1,h2) hold:

• for p = 1:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖l1
≤ 𝜋

96
max

{
h2

1, h2
2
}

A(Ωh1,h2) + (C1 + 4 max {h1, h2})

×

(
C2 max {h1, h2} + C3

max
{

h2
1, h2

2
}

min {h1, h2}

)
;

• for 1< p< 2:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2)
] 1

p +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)

×

[
4h1h2

(h2
1 + h2

2)
p
2

+ 2h2

p − 1

(
2h1−p

1 + ph1−p
1 − 3

Lp−1
1

)
+ 2h1

p − 1

(
2h1−p

2 + ph1−p
2 − 3

Lp−1
2

)

+ 2𝜋
2 − p

((√
2(max {L1,L2} − min {h1, h2})

)2−p
− (min {h1, h2})2−p

)] 1
p

;
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• for p = 2:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖l2
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2 )
] 1

2 +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)

×

[
4h1h2

h2
1 + h2

2
+ C3 − C4(h1 + h2) + 2𝜋 ln

||||||
√

2(max {L1,L2} − min {h1, h2})
min {h1, h2}

||||||
] 1

2

;

• for 2< p<∞:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2 )
] 1

p +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)

×

[
4h1h2

(h2
1 + h2

2)
p
2

+ 2h2

p − 1

(
2h1−p

1 + ph1−p
1 − 3

Lp−1
1

)
+ 2h1

p − 1

(
2h1−p

2 + ph1−p
2 − 3

Lp−1
2

)

+ 2𝜋
p − 2

(
(min {h1, h2})2−p −

(√
2(max {L1,L2} − min {h1, h2})

)2−p
)] 1

p

;

• for p = ∞:

||E(1)
h1,h2

(x) − E(x)||l∞(Ωh1 ,h2 )
≤ 𝜋

96
max

{
h2

1, h2
2
}
+ 1√

min
{

h2
1, h2

2
} ×

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)
,

where all constants are independent on the stepsizes h1 and h2.

Proof. For the sake of completeness, the proof of lp(Ωh1,h2 )-estimate will be carried out with all long expressions, and
it will be simplified to the form presented in the statement of the theorem as the last step of the proof, similarly as it
has been done in the proof of Theorem 1. Moreover, for shortening the subscripts, the notation lp will be used instead
of lp(Ωh1,h2 ). The proof starts with using of the definition of the lp-norm and applying the Minkowski inequality. After
that, considering the proof of Theorem 1, the following expression is obtained:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
=
⎛⎜⎜⎝

∑
(m1h1,m2h2)∈Ωh1 ,h2

|||E(1)
h1,h2

(m1h1,m2h2) − E(m1h1,m2h2)
|||ph1h2

⎞⎟⎟⎠
1
p

≤ ‖‖‖‖ 𝜋

96
max

{
h2

1, h2
2
}‖‖‖‖lp

+
‖‖‖‖‖‖ 1|x| 1

𝜋3

(
h2

1arctan2
(

h1

h2

)
+ h2

2arctan2
(

h2

h1

)) 1
2
‖‖‖‖‖‖lp

+
‖‖‖‖‖‖ 1|x|

[(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h2
+

h2
1

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
1 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
}

−
𝜋3h2

1 max
{

h2
1, h2

2
}

1728
−

h2
1

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2

+

(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h1
+

h2
2

3
√

2 min {h1, h2}

+
𝜋4 max

{
h2

1, h2
2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
2 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
−

h2
2

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2⎤⎥⎥⎦
1
2
‖‖‖‖‖‖‖‖lp

.
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After shorting notations by defining A(Ωh1,h2) ∶=
∑

x∈Ωh1 ,h2

h1h2, the following estimate can be obtained:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2 )
] 1

p +
‖‖‖‖ 1|x|‖‖‖‖lp

1
𝜋3

(
h2

1arctan2
(

h1

h2

)
+ h2

2arctan2
(

h2

h1

)) 1
2

+
‖‖‖‖ 1|x|‖‖‖‖lp

[(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h2
+

h2
1

3
√

2 min {h1, h2}
+

𝜋4 max
{

h2
1, h2

2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
1 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
}

−
𝜋3h2

1 max
{

h2
1, h2

2
}

1728
−

h2
1

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2

+

(
𝜋 max

{
h2

1, h2
2
}

96
+

𝜋 max
{

h2
1, h2

2
}

48h1
+

h2
2

3
√

2 min {h1, h2}

+
𝜋4 max

{
h2

1, h2
2
}

48
√

2 min {h1, h2}
+

𝜋6
√

2h2
2 max

{
h2

1, h2
2
}

864 min
{

h3
1, h3

2
} −

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
−

h2
2

6𝜋
−

𝜋3 max
{

h2
1, h2

2
}

96

)2⎤⎥⎥⎦
1
2

.

By using the same simplification ideas as during the proof of Theorem 1, the above estimate can be reduced to the
form:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2 )
] 1

p +
‖‖‖‖ 1|x|‖‖‖‖lp

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)
.

Application of the definition of the lp-norm to the term 1|x| leads to the following expression

‖‖‖‖ 1|x|‖‖‖‖lp
=

(
4

l1∑
m1=1

l2∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

+ 2
l1∑

m1=1

h1h2

(m1h1)p + 2
l2∑

m2=1

h1h2

(m2h2)p

) 1
p

, (11)

where l1 and l2 denote maximal indices of a domainΩh1,h2 in x1 and x2 directions correspondingly. Note that the indices
l1 and l2 depend on stepsizes h1 and h2, and, in fact, they are inversely proportional to h1 and h2, respectively. Keeping
this information aside, the proof will be constructed, and during final simplifications at the very end of the proof, the
dependencies of indices on stepsizes will be addressed.

Since the functions under summations in (11) are monotone decreasing functions, the estimation of these sums will
be based on the integral test. Each sum will be estimated individually. Since the single sums can be estimated easily,
at first the second and the third sums will be considered. The following estimates are obtained for the second and the
third sum:

l1∑
m1=1

h1h2

(m1h1)p ≤ h1h2

hp
1

+

l1

∫
1

h1h2

(m1h1)p dm1 ≤
{

h2(1 + ln |l1|), p = 1,
h1−p

1 h2
p−l1−p

1
p−1

, p > 1,

l2∑
m2=1

h1h2

(m2h2)p ≤
{

h1(1 + ln |l2|), p = 1,
h1h1−p

2
p−l1−p

2
p−1

, p > 1.

Application of the integral test to the double sum leads to the following estimate:

l1∑
m1=1

l2∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤ h1h2

(h2
1 + h2

2)
p
2

+

l1h1

∫
h1

h2

(x2 + h2
2)

p
2

dx +

l2h2

∫
h2

h1

(h2
1 + 𝑦2)

p
2

d𝑦 +

l1h1

∫
h1

l2h2

∫
h2

1
(x2 + 𝑦2)

p
2

d𝑦dx. (12)

The technique to estimate double sum (12) depends on the number p. Therefore, at first the case p = 1 will be
considered, because in that case the double sum can be estimated again by help of the integral test explicitly as follows:

LEGATIUK ET AL.8012

 10991476, 2024, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.7747 by W

estsächsische H
ochschule Z

w
ickau, W

iley O
nline L

ibrary on [18/08/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



l1∑
m1=1

l2∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤ h1h2√
h2

1 + h2
2

+ l1h1 ln

||||||||||
l2 +

√
l2
2 +

l2
1h2

1
h2

2

1 +
√

1 + l2
1h2

1
h2

2

||||||||||
+ l2h2 ln

||||||||||
l1 +

√
l2
1 +

l2
2h2

2
h2

1

1 +
√

1 + l2
2h2

2
h2

1

||||||||||
.

The estimation of the double integral in (12) for a general p is more difficult, since only for integer values of p this
integral can be calculated explicitly, and even in that case, an iterative application of known integrals is needed.16

Therefore, instead of estimating the double integral over a rectangular domain, the rectangular domain is extended
to the biggest possible square constructed based on side-lengths of the rectangular, similar to the idea used during the
proof of Theorem 1. Thus, the double integral over a rectangular domain is estimated by a double integral over the
biggest square as follows:

l1h1

∫
h1

l2h2

∫
h2

1
(x2 + 𝑦2)

p
2

d𝑦dx ≤
max{l1h1,l2h2}

∫
min{h1,h2}

max{l1h1,l2h2}

∫
min{h1,h2}

1
(x2 + 𝑦2)

p
2

d𝑦dx.

The construction, proposed above, enables the use of polar coordinates for an exact calculation of the double integral
over the biggest square. Thus, the integral can be estimated now as follows:

max{l1h1,l2h2}

∫
min{h1,h2}

max{l1h1,l2h2}

∫
min{h1,h2}

1
(x2 + 𝑦2)

p
2

d𝑦dx ≤
√

2(max{l1h1,l2h2}−min{h1,h2})

∫
min{h1,h2}

𝜋

2

∫
0

1
rp rd𝜑dr =

=
⎧⎪⎨⎪⎩

𝜋

2
ln

||||
√

2((max{l1h1,l2h2}−min{h1,h2}))
min{h1,h2}

|||| , p = 2,

𝜋

2(2−p)

[√
2(max {l1h1, l2h2} − min {h1, h2})2−p − (min {h1, h2})2−p

]
, p ≠ 2.

The one-dimensional integrals in (12) for p> 1 and p≠ 2 can be estimated as follows:

l1h1

∫
h1

h2

(x2 + h2
2)

p
2

dx ≤
l1h1

∫
h1

h2

xp dx ≤ 1
1 − p

h2h1−p
1 (l1−p

1 − 1),

l2h2

∫
h2

h1

(h2
1 + 𝑦2)

p
2

d𝑦 ≤
l2h2

∫
h2

h1

𝑦p d𝑦 ≤ 1
1 − p

h1h1−p
2 (l1−p

2 − 1).

Finally, for p = 2 the double sum can be estimated as follows:

l1∑
m1=1

l2∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤ h1h2

h2
1 + h2

2
+ arctan

(
l1h1

h2

)
− arctan

(
h1

h2

)

+ arctan
(

l2h2

h1

)
− arctan

(
h2

h1

)
+ 𝜋

2
ln

||||||
√

2((max {l1h1, l2h2} − min {h1, h2}))
min {h1, h2}

|||||| .
Summarising the above results for different values of p, the following estimates are obtained:
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• for p = 1:

‖‖‖E(1)
h1 ,h2

(x) − E(x)‖‖‖l1
≤ 𝜋

96
max

{
h2

1, h2
2
}

A(Ωh1 ,h2 ) +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2

}
min {h1, h2}

)

×

⎛⎜⎜⎜⎜⎝
4l1h1 ln

||||||||||
l2 +

√
l2
2 +

l21h2
1

h2
2

1 +
√

1 + l21h2
1

h2
2

||||||||||
+ 4h1h2√

h2
1 + h2

2

+ 2h2(1 + ln |l1|) + 4l2h2 ln

||||||||||
l1 +

√
l2
1 +

l22h2
2

h2
1

1 +
√

1 + l22h2
2

h2
1

||||||||||
+ 2h1(1 + ln |l2|)

⎞⎟⎟⎟⎟⎠
;

• for 1< p< 2:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2)
] 1

p +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)

×

[
4h1h2

(h2
1 + h2

2)
p
2

+
2h1−p

1 h2

p − 1

(
2 + p − 3

lp−1
1

)
+

2h1h1−p
2

p − 1

(
2 + p − 3

lp−1
2

)

+ 2𝜋
2 − p

((√
2(max {l1h1, l2h2} − min {h1, h2})

)2−p
− (min {h1, h2})2−p

)] 1
p

;

• for p = 2:

‖‖‖E(1)
h1 ,h2

(x) − E(x)‖‖‖l2
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1 ,h2 )
] 1

2 +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2

}
min {h1, h2}

)

×

[
4h1h2

h2
1 + h2

2

+ 4 arctan
(

l1h1

h2

)
− 4 arctan

(
h1

h2

)
+ 4 arctan

(
l2h2

h1

)
− 4 arctan

(
h2

h1

)
+ 2 h2

h1
· 2l1 − 1

l1

+2 h1

h2
· 2l2 − 1

l2
+ 2𝜋 ln

||||||
√

2(max {l1h1, l2h2} − min {h1, h2})
min {h1, h2}

||||||
] 1

2

;

• for 2< p<∞:

‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
max

{
h2

1, h2
2
} [

A(Ωh1,h2 )
] 1

p +

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)

×

[
4h1h2

(h2
1 + h2

2)
p
2

+
2h1−p

1 h2

p − 1

(
2 + p − 3

lp−1
1

)
+

2h1h1−p
2

p − 1

(
2 + p − 3

lp−1
2

)

+ 2𝜋
p − 2

(
(min {h1, h2})2−p −

(√
2(max {l1h1, l2h2} − min {h1, h2})

)2−p
)] 1

p

.

Finally, dependencies of the indices l1 and l2 on h1 and h2 for a fixed domain Ωh1,h2 needs to be taken into account.
To overcome this issue, instead of working with indices of points, the quantities L1 = l1h1 and L2 = l2h2 representing
diameters of Ωh1,h2 in x1 and x2 directions, respectively, will be considered. After that, the above estimates can be sim-
plified to the form presented in the theorem, and the remaining step is to construct l∞-estimate. Using the definition
of the norm leads to: ||E(1)

h1,h2
(x) − E(x)||l∞(Ωh1 ,h2 )

= sup
x∈Ωh1 ,h2

|E(1)
h1,h2

(x) − E(x)|,
where x = (m1h1,m2h2) with m1,m2 ∈ Z, and h1, h2 are stepsizes tending to zero. Recalling the estimate provided by
Theorem 1:

|E(1)
h1,h2

(x) − E(x)| ≤ 𝜋

96
max

{
h2

1, h2
2
}
+ 1|x|

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)
,
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and taking into account the definition of |x| and simplifying the resulting expression, the following estimate is
obtained:

||E(1)
h1,h2

(x) − E(x)||l∞(Ωh1 ,h2 )
≤ 𝜋

96
max

{
h2

1, h2
2
}
+ 1√

min
{

h2
1, h2

2
}|m| ×

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}

)
,

where |m| = √
m2

1 + m2
2. Finally, noticing that the fraction 1√

min{h2
1,h

2
2}|m| takes its maximum for |m| = 1, the final

estimate is obtained. Thus, the theorem is proved.

To illustrate the lp estimates for different values of p, the estimates are calculated with h2 = 𝛼h1 for 𝛼 = 3 and decreas-
ing values of h1. Figure 3 shows calculations the estimates for different values of p with respect to the stepsize h1 in a
logarithmic scale. Similar to the results presented in Figures 1 and 2, the lp-error is smaller if the parameter 𝛼 is close to
1. As it can be clearly seen, all estimates converge to zero for h1 → 0 for p = [1,∞), as expected. The case p = ∞ illustrates
as h1 tends to zero, the l∞ estimate represents the difference between continuous and discrete fundamental solutions at
a point arbitrary close the coordinate origin, where the continuous fundamental solution has singularity, and therefore,
this difference cannot become zero for any arbitrary small, but finite, stepsize h1 (since in this example h2 = 𝛼h1).

Similar to the discussion after Theorem 1 summarised in the form of Corollary 2, it is worth to present the following
corollary:

Corollary 3. Under assumptions of Theorem 2, and assuming h2 = 𝛼h1 for 𝛼 ∈ R, then the following estimates hold:

• for p = 1: ‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖l1
≤ 𝜋

96
𝛼2h2

1A(Ωh1,h2) + C1(𝛼)h1 + C2(𝛼)h2
1;

• for 1< p< 2: ‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
𝛼2h2

1
[
A(Ωh1,h2 )

] 1
p + h1C1(𝛼)

(
C2(𝛼, p)h2−p

1 − C3(𝛼, p)h1

) 1
p ;

• for p = 2: ‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖l2
≤ 𝜋

96
𝛼2h2

1
[
A(Ωh1,h2 )

] 1
2 + h1C1(𝛼)(C3(𝛼) − C2(𝛼)h1 − 2𝜋 ln h1)

1
2 ;

• for 2< p<∞: ‖‖‖E(1)
h1,h2

(x) − E(x)‖‖‖lp
≤ 𝜋

96
𝛼2h2

1
[
A(Ωh1,h2)

] 1
p + h1C1(𝛼)

(
C2(𝛼, p)hp−2

1 − C3(𝛼, p)h1

) 1
p ;

• for p = ∞: ||E(1)
h1,h2

(x) − E(x)||l∞ ≤ C1(𝛼)h2
1 + C2(𝛼),

where some of the constants depend on 𝛼 and p, while the other depend only on 𝛼. Moreover, all constant tend to infinity
for 𝛼→ 0 and 𝛼→∞.

3.2 Estimates for the discrete fundamental solution E(2)
h1,h2

Looking at the lp-estimates for the discrete fundamental solution E(1)
h1,h2

provided in Theorem 2, it becomes clear that
because of the term A(Ωh1,h2) a similar estimate cannot be obtained for the exterior domain Ωext

h1,h2
, since the related sum

FIGURE 3 Calculation of
lp(Ωh1 ,h2

)-error estimates from
Theorem 2 in a logarithmic scale with
respect to h1 for h2 = 3h1 for a
rectangular domain with length L1 = 1
and height L2 = 2 [Colour figure can be
viewed at wileyonlinelibrary.com]
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A(Ωext
h1,h2

)will be a sum over infinite set. To overcome this problem, another regularised version of the discrete fundamental
solution is considered:

E(2)
h1,h2

(x) = 1
(2𝜋)2

⎛⎜⎜⎜⎝ ∫|y|<1

e−ix·y − 1
d2 dy + ∫|y|>1,𝑦∈Qh1 ,h2

e−ix·y

d2 dy + ∫|y|<1

(
1
d2 − 1|y|2

)
dy

⎞⎟⎟⎟⎠ , (13)

which is more suitable for applications in unbounded domains.15 The fundamental solution E(2)
h1,h2

is different to the E(1)
h1,h2

by the following constant:

K2 = 1
(2𝜋)2 ∫|y|<1

(
1
d2 − 1|y|2

)
dy,

which depends on h1, h2, since d2 contains the stepsizes. Moreover, considering that d2 → |y|2 for h1 → 0 and h2 → 0, the
constant K2 tends to zero as well. Additionally, consider the difference

E(2)
h1,h2

(x) − Eh1,h2(x) = E(1)
h1,h2

(x) + K2 − Eh1,h2 (x) = K1 + K2,

which states the relation between three different formulations of the discrete fundamental solution of the discrete Laplace
operator. Based on previous calculations, the sum K1 +K2 can be estimated as follows:

K1 + K2 ≤ 2𝜋 max
{

h2
1, h2

2
}

min
{

h2
1, h2

2
} ln

( √
2𝜋

min {h1, h2}

)
+ 𝜋

192
max

{
h2

1, h2
2
}
,

where each summand corresponds to the estimates for K1 and K2, respectively.

Theorem 3. Let E(2)
h1,h2

be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be

the continuous fundamental solution (3) of the classical Laplace operator. Then for all x≠ 0 and all h1, h2 <
√

2𝜋 the
following estimate holds

|E(2)
h1,h2

(x) − E(x)| ≤ C1|x| max {h1, h2} +
C2|x| max

{
h2

1, h2
2
}

min {h1, h2}
+ C3|x| max

{
h2

1, h2
2
}
,

where the constants C1, C2, and C3 do not depend on the stepsizes h1 and h2.

Proof. Analogously to (5), application of the triangle inequality leads to

|E(2)
h1,h2

(x) − E(x)| ≤ 1
(2𝜋)2

||||||| ∫|y|<1

(
1
d2 − 1|y|2

)
e−ix·ydy

|||||||
+ 1

(2𝜋)2

|||||||| ∫|y|>1,𝑦∈Qh1 ,h2

(
1
d2 − 1|y|2

)
e−ix·ydy

|||||||| +
1

(2𝜋)2

|||||||| ∫|y|∈R2∖Qh1 ,h2

e−ix·y|y|2 dy

|||||||| .
By help of the proof of Theorem 1 the following estimate is obtained on the first step:

|E(2)
h1,h2

(x) − E(x)| ≤ I2 + I3 +
1

(2𝜋)2

||||||| ∫|y|<1

(
1
d2 − 1|y|2

)
e−ix·ydy

||||||| ,
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where I2 and I3 are terms estimated during the proof of Theorem 1. Thus, the following term must be estimated:

I4 = 1
(2𝜋)2

||||||| ∫|y|<1

(
1
d2 − 1|y|2

)
e−ix·ydy

||||||| = lim
𝜖→0

1
(2𝜋)2

||||||| ∫|y|≤𝜖
(

1
d2 − 1|y|2

)
e−ix·ydy + ∫

𝜖<|y|<1

(
1
d2 − 1|y|2

)
e−ix·ydy

|||||||
By using integration by parts w.r.t. y1, the estimate of 1

d2 −
1|y|2 provided in (6) and estimate of ||| 2𝑦1|y|4 − 2h−1

1 sin(h1𝑦1)
d4

||| given
in (8), the following estimate is obtained:

I4 ≤ 1
(2𝜋)2 · 𝜋

2

48
· max

{
h2

1, h2
2
}
lim
𝜖→0 ∫|y|≤𝜖

dy + 1
(2𝜋)2 lim

𝜖→0

|||||||
1

ix1 ∫
𝜖<|y|<1

(
2𝑦1|y|4 −

2h−1
1 sin(h1𝑦1)

d4

)
e−ix·ydy

|||||||
+ 1

(2𝜋)2 lim
𝜖→0

|||||||−
1

ix1 ∫|y|=𝜖
(

1
d2 − 1|y|2

)
e−ix·y cos(n⃗, 𝑦1)dy

||||||| +
1

(2𝜋)2 lim
𝜖→0

|||||||−
1

ix1 ∫|y|=1

(
1
d2 − 1|y|2

)
e−ix·y cos(n⃗, 𝑦1)dy

|||||||
≤ 1

4𝜋2
1|x1| lim𝜖→0

⎛⎜⎜⎝ ∫
𝜖<|y|<1

([
h2

1

3
+

𝜋4 max
{

h2
1, h2

2
}

48

]
1|y| + 𝜋4h2

1 max
{

h2
1, h2

2
}

288
|y|) dy +

𝜋2 max
{

h2
1, h2

2
}

48 ∫|y|=𝜖
dy

+
𝜋2 max

{
h2

1, h2
2
}

48 ∫|y|=1

dy
⎞⎟⎟⎠ ≤ 1|x1|

(
h2

1

6𝜋
+

𝜋3 max
{

h2
1, h2

2
}

96
+

𝜋3h2
1 max

{
h2

1, h2
2
}

1728
+

𝜋 max
{

h2
1, h2

2
}

96

)
.

Analogously, integration by parts w.r.t. y2 leads to the estimate:

I4 ≤ 1|x2|
(

h2
2

6𝜋
+

𝜋3 max
{

h2
1, h2

2
}

96
+

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
+

𝜋 max
{

h2
1, h2

2
}

96

)
.

Using again the expression (|x1|I4)2 + (|x2|I4)2, as it has been done in the proof of Theorem 1, finally the estimate for
I4 is obtained in the following form:

I4 ≤ 1|x| ⎡⎢⎢⎣
(

h2
1

6𝜋
+

𝜋3 max
{

h2
1, h2

2
}

96
+

𝜋3h2
1 max

{
h2

1, h2
2
}

1728
+

𝜋 max
{

h2
1, h2

2
}

96

)2

+

(
h2

2

6𝜋
+

𝜋3 max
{

h2
1, h2

2
}

96
+

𝜋3h2
2 max

{
h2

1, h2
2
}

1728
+

𝜋 max
{

h2
1, h2

2
}

96

)2⎤⎥⎥⎦
1
2

.

Finally, by collecting all terms together and simplifying the estimate for I4, the theorem is proved.

Similar analysis, as the one performed for the estimate presented in Theorem 1, is made for the estimate in Theorem 3.
The results of analysis are summarised in Figures 4 and 5.

Similar to the discussion around the discrete fundamental solution E(1)
h1,h2

, next corollary is introduced:

Corollary 4. Under assumptions of Theorem 3, let us further assume that h2 = 𝛼h1 for 𝛼 ∈ R, then the following estimate
holds: |E(2)

h1,h2
(x) − E(x)| ≤ 1|x| (C1(𝛼)h1 + C2(𝛼)h2

1
)
,

where C1(𝛼) and C2(𝛼) tend to infinity for 𝛼→ 0 and 𝛼→∞.

Theorem 4. Let E(2)
h1,h2

be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be the
continuous fundamental solution (3) of the classical Laplace operator. Let L1 ∶= diam

x1
Ωh1,h2 , L2 ∶= diam

x2
Ωh1,h2 , i.e., the
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FIGURE 4 Calculation of the error
estimate along the main diagonal and
coordinate axes based on Theorem 3

FIGURE 5 Calculation of the error
estimate along the main diagonal for
different values of 𝛼 based on
Theorem 3

diameters of Ωh1,h2 along x1 and x2 directions, respectively. Then for all x≠ 0 and h1, h2 <
√

2𝜋 the following estimates in
lp(Ωh1,h2) hold:

• for p = 1:

‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖l1
≤ (C1 + 4 max {h1, h2})

(
C2 max {h1, h2} + C3

max
{

h2
1, h2

2
}

min {h1, h2}
+ C4 max

{
h2

1, h2
2
})

;

• for 1< p< 2:

‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖lp
≤

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

×

[
4h1h2

(h2
1 + h2

2)
p
2

+ 2h2

p − 1

(
2h1−p

1 + ph1−p
1 − 3

Lp−1
1

)
+ 2h1

p − 1

(
2h1−p

2 + ph1−p
2 − 3

Lp−1
2

)

+ 2𝜋
2 − p

((√
2(max {L1,L2} − min {h1, h2})

)2−p
− (min {h1, h2})2−p

)] 1
p

;
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• for p = 2:

‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖l2
≤

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

×

[
4h1h2

h2
1 + h2

2
+ C4 − C5(h1 + h2) + 2𝜋 ln

||||||
√

2((max {L1,L2} − min {h1, h2}))
min {h1, h2}

||||||
] 1

2

;

• for 2< p<∞:

‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖lp
≤

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

×

[
4h1h2

(h2
1 + h2

2)
p
2

+ 2h2

p − 1

(
2h1−p

1 + ph1−p
1 − 3

Lp−1
1

)
+ 2h1

p − 1

(
2h1−p

2 + ph1−p
2 − 3

Lp−1
2

)

+ 2𝜋
p − 2

(
(min {h1, h2})p−2 −

(√
2(max {L1,L2} − min {h1, h2})

)p−2
)] 1

p

;

• for p = ∞:

||E(2)
h1,h2

(x) − E(x)||l∞ ≤ 1√
min

{
h2

1, h2
2
}
(

C1 max {h1, h2} + C2
max

{
h2

1, h2
2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

;

where all constants are independent on the stepsizes h1 and h2.

Proof. The proof of the theorem is analogous to the proofs of Theorem 2.

Similar, to the lp-estimates for the discrete fundamental solution E(1)
h1,h2

, Figure 6 illustrates the estimates presented in
Theorem 4. The estimates are calculated for different values of p, a rectangular domain with side lengths L1 = 1, L2 = 2
is discretised by a lattice with h2 = 𝛼h1 for 𝛼 = 3. As it can be clearly seen, all estimates converge to zero for h1 → 0, as
expected, and the l∞-estimate is bounded, as one could expect as well.

Short forms of the lp-estimates from Theorem 4 are provided in the following corollary:

Corollary 5. Under assumptions of Theorem 4 and assuming h2 = 𝛼h1 for 𝛼 ∈ R, the following estimates hold:

• for p = 1: ‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖l1
≤ C1(𝛼)h1 + C2(𝛼)h2

1 + C3h3
1;

FIGURE 6 Calculation of the
lp(Ωh1 ,h2

)-error estimate from
Theorem 4 in a logarithmic scale with
respect to h1 for h2 = 3h1 for a
rectangular domain with length L1 = 1
and height L2 = 2 [Colour figure can be
viewed at wileyonlinelibrary.com]
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• for 1< p< 2: ‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖lp
≤ (

C1(𝛼)h1 + C2(𝛼)h2
1
) (

C3(𝛼, p)h2−p
1 − C4(𝛼, p)h1

) 1
p ;

• for p = 2: ‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖l2
≤ (

C1(𝛼)h1 + C2(𝛼)h2
1
)
(C3(𝛼) − C4(𝛼)h1 − 2𝜋 ln h1)

1
2 ;

• for 2< p<∞: ‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖lp
≤ (

C1(𝛼)h1 + C2(𝛼)h2
1
) (

C3(𝛼, p)hp−2
1 − C4(𝛼, p)h1

) 1
p ;

• for p = ∞: ||E(2)
h1,h2

(x) − E(x)||l∞ ≤ C1(𝛼) + C2(𝛼)h1,

where some of the constants depend on 𝛼 and p, while the other depend only on 𝛼, and one constant for p = 1 does not
depend on 𝛼 and p. Moreover, all constant depending on 𝛼 tend to infinity for 𝛼→ 0 and 𝛼→∞.

Next step is to construct lp-estimates in the exterior domain, which is now possible, as it has been mentioned above, since
the discrete fundamental solution E(2)

h1,h2
is considered. The following theorem presents the lp-estimates for the exterior

domain:

Theorem 5. Let E(2)
h1,h2

be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be
the continuous fundamental solution (3) of the classical Laplace operator. Let Ωh1,h2 be a discrete domain symmetric with
respect to coordinate origin, and let Ωext

h1,h2
be its exterior domain. Let L1 be the maximal distance between the coordinate

origin and boundary of Ωh1,h2 in x1 direction, and L2 respectively be the maximal distance between the coordinate origin
and boundary of Ωh1,h2 in x2 direction. Then for all h1, h2 <

√
2𝜋 the following estimate in lp(Ωext

h1,h2
) holds for p> 2:

‖‖‖E(2)
h1,h2

− E‖‖‖lp
≤

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

×
⎛⎜⎜⎝

4h1h2(
L2

1 + L2
2
) p

2

+ 4h2

Lp−1
1 (p − 1)

+ 4h1

Lp−1
2 (p − 1)

+ 2𝜋
p − 2

(min {L1,L2})2−p + 2h1(2L2 − h2)
(L1 + h1)p ·

p + l1

p − 1
+ 2h2(2L1 − h1)

(L2 + h2)p ·
p + l2

p − 1

) 1
p

,

and for p = ∞:

‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖l∞
≤ 1

min {L1 + h1,L2 + h2}

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

,

where all constants are independent on the stepsizes h1 and h2.

Proof. After using the Minkowski inequality, the following expression is obtained for a short form of the estimate:

‖‖‖E(2)
h1,h2

− E‖‖‖lp
=
⎛⎜⎜⎝

∑
(m1h1,m2h2)∈Ωext

h1 ,h2

|||E(2)
h1,h2

(m1h1,m2h2) − E(m1h1,m2h2)
|||ph1h2

⎞⎟⎟⎠
1
p

≤ ‖‖‖‖ 1|x|‖‖‖‖lp

(
C1 max {h1, h2} + C2

max
{

h2
1, h2

2
}

min {h1, h2}
+ C3 max

{
h2

1, h2
2
})

.

Assumption of the theorem, that the discrete domain Ωh1,h2 is a rectangular domain symmetric with respect to the
coordinate origin is necessary for carrying out the proof explicitly. The use of this theorem for domains of a general
shape will be discussed later. Applying the definition of the lp-norm to the term 1|x| , and taking into account that
exterior domain is considered, the following expression is obtained

‖‖‖‖ 1|x|‖‖‖‖lp
=

(
4

∞∑
m1=l1

∞∑
m2=l2

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

+ 4
∞∑

m1=l1+1

l2−1∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

+4
l1−1∑

m1=1

∞∑
m2=l2+1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

+ 2
∞∑

m1=l1+1

h1h2

(m1h1)p + 2
∞∑

m2=l2+1

h1h2

(m2h2)p

) 1
p

.

(14)
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Figure 7 shows a subdivision of the exterior domain, which simplifies constructions of the estimate. Thus, the first
series corresponds to the region I, where the fact that exterior corner points belong to the exterior domain has been
taken into account.9 The second and the third series correspond to the strips II and III, respectively. The last two series
represent summations along coordinate axes. It is also necessary to mention, that dimensions of the interior domain
Ωh1,h2 are fixed, i.e., coordinates of the points (L1, L2), (−L1, L2), (L1,−L2), (−L1,−L2), because exterior domain
Ωext

h1,h2
is considered. However, indices of points corresponding to the discrete boundary layer 𝛾−h1,h2

= 𝛼−
h1,h2

(edges of
the rectangle in Figure 7) depend on the stepsizes as l1 = L1

h1
and l2 = L2

h2
. This dependency will be addressed at the

last step of the proof, while indices of the corresponding points will be used during the proof.
Let us estimate the terms in (14) by help of the integral test. The estimates will be done for p> 2, because the error

for p∈ [1, 2] does not converge to zero in the case of unbounded domains even for h1 and h2 tending to zero. The single
series in (14) can be estimated as follows:

∞∑
m1=l1+1

h1h2

(m1h1)p ≤ h1h2

(l1 + 1)php
1

+

∞

∫
l1+1

h1h2

(m1h1)p dm1 ≤ h1h2

(l1 + 1)php
1

(
1 + l1 + 1

p − 1

)
,

∞∑
m2=l2+1

h1h2

(m2h2)p ≤ h1h2

(l2 + 1)php
2

+

∞

∫
l2+1

h1h2

(m2h2)p dm2 ≤ h1h2

(l2 + 1)php
2

(
1 + l2 + 1

p − 1

)
.

To construct the estimate for the double series corresponding to the region II, the fact that this region is, in fact, can
be represented as the product

II ∶= [l1 + 1,∞) × [1, l2 − 1]
will be used. Thus, the estimate along the x1-axis needs to be multiplied with amount such lines appearing in the
region II, which is equal to l2 − 1. Thus, the following estimate for the region II is obtained:

∞∑
m1=l1+1

l2−1∑
m2=1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤
∞∑

m1=l1+1

h1h2

(m1h1)p · (l2 − 1) ≤ h1h2

(l1 + 1)php
1

(
1 + l1 + 1

p − 1

)
·
(

L2

h2
− 1

)
≤ L2h1

(L1 + h1)p

(
1 + l1 + 1

p − 1

)
− h1h2

(L1 + h1)p

(
1 + l1 + 1

p − 1

)
,

where the facts that L1 = h1l1 and L2 = h2l2 have been used. Similarly, the estimate for the region III can be obtained:

l1−1∑
m1=1

∞∑
m2=l2+1

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤
∞∑

m2=l2+1

h1h2

(m2h2)p · (l1 − 1) ≤ h1h2

(l2 + 1)php
2

(
1 + l2 + 1

p − 1

)
·
(

L1

h1
− 1

)
≤ L1h2

(L2 + h2)p

(
1 + l2 + 1

p − 1

)
− h1h2

(L2 + h2)p

(
1 + l2 + 1

p − 1

)
.

Next step is to estimate the series related to the region I in Figure 7. Application of the integral test to the double series
gives:

∞∑
m1=l1

∞∑
m2=l2

h1h2

(m2
1h2

1 + m2
2h2

2)
p
2

≤ h1h2

(l2
1h2

1 + l2
2h2

2)
p
2

+

∞

∫
l1h1

h2

(x2 + l2
2h2

2)
p
2

dx +

∞

∫
l2h2

h1

(l2
1h2

1 + 𝑦2)
p
2

d𝑦 +

∞

∫
l1h1

∞

∫
l2h2

1
(x2 + 𝑦2)

p
2

d𝑦dx.

To estimate the double integral in the above expression, the transformation to polar coordinates by extending the
rectangular lattice to the biggest possible square lattice is used. Thus, the following estimate is obtained:

∞

∫
l1h1

∞

∫
l2h2

1
(x2 + 𝑦2)

p
2

d𝑦dx ≤
∞

∫
min{l1h1,l2h2}

∞

∫
min{l1h1,l2h2}

1
(x2 + 𝑦2)

p
2

d𝑦dx ≤
∞

∫
min{l1h1,l2h2}

𝜋

2

∫
0

1
rp rd𝜑dr = 𝜋(min {l1h1, l2h2})2−p

2(p − 2)
.
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FIGURE 7 Subdivision of the exterior domain
Ωext

h1 ,h2
for constructing lp-estimates

The one-dimensional integrals can be estimated as follows:

∞

∫
l1h1

h2

(x2 + l2
2h2

2)
p
2

dx ≤ h2

(p − 1)(l1h1)p−1 ,

∞

∫
l2h2

h1

(l2
1h2

1 + 𝑦2)
p
2

d𝑦 ≤ h1

(p − 1)(l2h2)p−1 .

Combining all considerations presented above, the following estimate is finally obtained:

‖‖‖‖ 1|x|‖‖‖‖lp
≤
⎛⎜⎜⎝

4h1h2(
L2

1 + L2
2
) p

2

+ 4h2

Lp−1
1 (p − 1)

+ 4h1

Lp−1
2 (p − 1)

+ 2𝜋
p − 2

(min {L1,L2})2−p

+2h1(2L2 − h2)
(L1 + h1)p ·

p + l1

p − 1
+ 2h2(2L1 − h1)

(L2 + h2)p ·
p + l2

p − 1

) 1
p

.

The proof of l∞-estimate is analogous to the proof of Theorem 2, and it needs to be taken into account that 1|x| has
its maximum on the interior boundary layer 𝛼+

h1,h2
of the exterior domain, which corresponds to minimum indices of

the point of exterior domain. This boundary layer can be characterised by using distances L1 and L2, as it has been
done in Theorem 4, and making shifts towards exterior in corresponding directions. Thus, the points of 𝛼+

h1,h2
are

characterised by the distances |L1 + h1| and |L2 + h2| in the x1 and x2 directions, respectively. The rest of the proof
follows immediately. Thus, the theorem is proved.

Figure 8 illustrates the estimates presented in Theorem 5 for the exterior of a rectangular domain with side lengths
L1 = 1, L2 = 2, which is discretised by a lattice with h2 = 𝛼h1 for 𝛼 = 3. As it can be clearly seen, both estimates converge
to zero for h1 → 0, as expected, and thus indicating the advantage of working with the reformulated discrete fundamental
solution E(2)

h1,h2
.

Remark 1. It is necessary to remark how the lp-estimates for interior and exterior domains presented in this section
can be used for discrete domains of arbitrary shape. Consider for example an L-shape domain, which is not symmetric
with respect to the coordinate origin. In order to apply the lp-estimates presented in this section, the L-shape domain
should be replaced by the smallest possible rectangular domain containing the original L-shape domain, and the
coordinate origin should be placed at its centre of symmetry. After that, all estimates can be used directly. Of course
in this case the estimates will be rough estimates, and they become worse for domains elongated in one direction.
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FIGURE 8 Calculation of the
lp(Ωext

h1 ,h2
)-error estimates from

Theorem 5 in a logarithmic scale with
respect to h1 for h2 = 3h1 for the
exterior of a rectangular domain with
length L1 = 1 and height L2 = 2 [Colour
figure can be viewed at
wileyonlinelibrary.com]

Nonetheless, this approach provides first ideas for error analysis of arbitrary-shaped discrete domains, since explicit
calculations of error estimates, as presented in this section, can be carried out only for some specific case, and not in
the general case.

The following corollary presents short forms of the lp-estimates in the exterior domain:

Corollary 6. Under assumptions of Theorem 5 and assuming h2 = 𝛼h1 for 𝛼 ∈ R, the following estimates hold:

• for 2< p<∞: ‖‖‖E(2)
h1,h2

(x) − E(x)‖‖‖lp
≤ (

C1(𝛼)h1 + C2(𝛼)h2
1
) (

C3(𝛼, p)h2
1 + C4(𝛼, p)h1 + C5(p)

) 1
p ;

• for p = ∞: ||E(2)
h1,h2

(x) − E(x)||l∞ ≤ C1(𝛼)h1 + C2(𝛼)h2
1,

where some of the constants depend on 𝛼 and p, while the other depend only on 𝛼 or p. Moreover, all constant depending
on 𝛼 tend to infinity for 𝛼→ 0 and 𝛼→∞.

4 CONCLUSIONS

Several estimates for the discrete fundamental solution of the discrete Laplace operator on a rectangular lattice have been
presented in this paper. Additionally to extension of the classical estimates, new results related to the exterior setting have
been constructed. Thus, this article provides a basis for future convergence analysis of the discrete potential method on a
rectangular lattice.
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