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1 | INTRODUCTION

The tools of classical potential theory are used in various applications to address problems of mathematical physics. As
usual in the use of analytical approaches, their applications to real-world problems involve numerical schemes to solve
boundary integral equations arising from potential-theoretic approaches. The use of numerical schemes implies that
important model properties, such as for example conservation laws, are only approximated and not satisfied on the dis-
crete level. To overcome this obstacle, constriction of discrete analogues of the continuous potential theory has been an
area of active research for several decades.'

Different approaches to discrete potential theory and its applications has been studied by several authors in recent
years.>7 Typically, the classical setting of a square lattice have been addressed so far. However, for practical applications
of discrete potential theory, a more general type of lattices would be advantageous. As a first step towards generalising the
discrete potential theory in the sense of Hommel® to a more type of lattices, a rectangular lattice allowing two different
stepsizes h; and h, has been proposed recently.3-1% Although introducing two stepsizes instead of one stepsize, as in the
classical case, at first look makes impression of a mild change to the theory, it is not the case in reality. The problem comes
from the fact that the discrete fundamental solution of the discrete Laplace operator, which is the core of the discrete
potential theory, on a rectangular lattice cannot be obtained from the discrete fundamental solution on a square lattice.’
Thus, results from the discrete potential theory on square lattices cannot be directly transferred to the rectangular case
and, therefore, needs to be extended.
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The goal of this paper is to present results in numerical analysis of the discrete fundamental solution of the discrete
Laplace operator on a rectangular lattice. Precisely, error estimates (pointwise difference and IP-estimates) for two regular-
isations of the discrete fundamental solutions are constructed for interior and exterior settings. The reason for using two
regularisation is motivated by the fact, that the first regularisation suits better for interior problems, while the second one
allows consideration of exterior problems. All estimates are constructed explicitly, and plots illustrating the estimates are
provided. Thus, this work provides a basis for studying convergence of discrete potentials on rectangular lattice, which is
the scope of future work.

2 | FUNDAMENTAL SOLUTION OF THE DISCRETE LAPLACE OPERATOR
ON A RECTANGULAR LATTICE

Let us denote by Rilshz := {x € R?|x = (m1h1, myhy), m; € Z,j = 1,2} an unbounded rectangular lattice in R? with two
lattice constants hy, h, > 0. We introduce now the shift operators®1® S X =X+hjes;, X€ R?, with e}, j = 1,2 being
the standard unit vectors in R? and the convention e_; = —e;. Next, we introduce the classical finite difference operators
D; = hi/(S ;—Dand D_; = hij(I —S_;) for j = 1,2, where I denotes the identity operator. The discrete Laplace operator

Ap, n, on a rectangular lattice is then introduced as follows:

2 2
Ahl’hz = ZD_jDJ = ZDJD_J
Jj=1 Jj=1

The discrete fundamental solution is introduced in the following definition:

Definition 1. The function Ej, 5, is called a discrete fundamental solution of the discrete Laplace operator Ap, p, if it
satisfies

—Ap, b, En, b, (X) = 0p, ,(X) ®

for all mesh points x = (myhy, myh;) of Ri o where 6y, 5, (X) is the discrete Dirac delta function defined as follows

1

Sy (x) = T for x = (0, 0),
v 0, for x # (0,0).

The discrete fundamental solution Ej, 4, is constructed by help of the discrete Fourier transform on a rectangular
lattice,®!! and it is given by the following integral representation:

i
1 \?2 'y e—i(m1h1Y1+m2h2}’2) -1
Ep n,(mihy, myhy) = <%> 7 dyidys, (2

Tk

4

which is the discrete fundamental solution of the discrete Laplace operator on a rectangular lattice, and d* = v sin”% +
1

%Sin2 }% is the corresponding Fourier symbol. A discussion on the relation between the discrete fundamental solution (2)
2

and the classical discrete fundamental solution on a rectangular lattice has been done already,'® and it has been underlined

that the fundamental solution on a rectangular lattice cannot be obtained from the fundamental solution on a square

lattice. For the convergence analysis of the discrete fundamental solution Ey, x,(m1hy, myh;) the following regularisation
of the continuous solution will be used'?:

1 e xy 1 e~ixy 1

E®x) = dy + dy|=—-—(C-1n2-1 , 3

0= g | [ Sotay+ [ SFay|=—p-c-m2-m) G)
lyl<1 lyl>1

n
where C = lim (— Inn+ ) %) ~ 0.57721 is the Euler constant.
k=1

n—oo
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First steps in convergence analysis will be performed by working with the following regularised form of the discrete
fundamental solution

1 e~xy _1 e~ixy . P P

EY (x) = / dy + / —__dy|, with ={yeR|-Z<y <=,j=12,, (4

hlvhz( ) (2”)2 d2 y d2 y th,l’lz y | h,j y] hj .] ( )
lyl<1 [YI>1.y€Qy, 1,

where it has been taken into account that the convergence analysis is of interest here, i.e., hy, h, — 0, and therefore, the

interior of unit disk |y|<1 needs to lay inside the rectangle Qp, 1,, meaning that h; <z and h, < z. The discrete fundamental

solution E;ll) B X) differs from the discrete fundamental solution (2) by the following expression depending on h; and h,:
1742

1 1
K = —dy.
LT oy / 2"

[y1>1y€Qy, s,

3 | ESTIMATES FOR THE DISCRETE FUNDAMENTAL SOLUTION OF THE
DISCRETE LAPLACE OPERATOR

It is important to remark that formula (2) provides a general form of the discrete fundamental solution of the discrete
Laplace operator on a rectangular lattice. However, for analysis of this fundamental solution, similar to the continuous
case,!? it is necessary to work with a regularised version of it. One of possible regularisations is provided by formula (4),
which, as it will be shown in this section, is suitable for constructing error estimates in the interior setting, but not for the
exterior setting. Therefore, the estimates in the exterior setting will be constructed by working with another regularisation
of the discrete fundamental solution (2), which will be introduced in Section 3.2. For both regularisations, estimates for
the pointwise difference to the continuous fundamental solution, as well as difference in I’ space, will be presented in
this section.

3.1 | Estimates for the discrete fundamental solution ES) L
1-762

Let us start with the following theorem:
Theorem 1. Let E;ll)h be the discrete fundamental solution given in (4) of the discrete Laplace operator, and let E be
1-7%2

the continuous fundamental solution (3) of the classical Laplace operator. Then for all x# 0 and all hy, h, < \/Ezr the
following estimate holds

2 1,2
o 20y, & c; max {h, b3}
|Eh1,h2(x) —E(X)l < C; max {hl’hz} + m max{hl,hz} + mm,

where C;, C,, and C; are arbitrary constants independent on the stepsizes h; and h,.

Proof. The use of definitions of the fundamental solutions and application of the triangle inequality leads to the
following:

B, (0~ B@)| < — / (i—i><e-”"Y—1>dy

(2m)? az l|yl?
lyl<1
©)
1 1 1 ix: 1 e Xy
+ - - — *Ydy| + dy|.
@ny / <d2 |y|2>e Y1 * oy / yl2
|Y|>1,yth1Ah2 |Y|GR2\Qn1_n2
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At first, the term [, :=

(2%)2 / (i 5 IZ> (e7™Y — 1)dy| will be estimated. Estimation of I, requires at first an

d?
lyl<1
adaptation of some preliminary results from Stummel'3 to the case of a rectangular lattice. Recalling that for the
variables 5}’1 L) = hl(l — ey, j=1,2the following equalities are satisfied
1142 j

1
I RO = \/— [(1 — cos h;y))% + sin’h;y;] =’z‘/2_2COShjyj -
J

the following equality for variables (Sh n, ) = —_( ~ih;y; — 1), j = 1,2 is obtained then straightforwardly

|§h l’l (yj)l

Finally, by help of the Jordan's inequality %x <sinx <xforx € [0, %] the following estimates can be obtained

2 j .
;l)’jl <18, 5, ODI < 1yils =12, ¥ € Qn -

Now, left inequalities for each j will be considered, and after squaring both sides and adding inequalities for j = 1
and j = 2, the following inequality is obtained:

4 2 2 1 2 2 2 4 2_ »
P(|y1| + |y2| )S |§h1,h2(yl)| + |§h1,h2(y2)| , = ;|Y| Sd .

To estimate the expression d—2 - W’ the Fourier symbol d? will be expanded into Taylor series, and by using the

equality — GEZm d2’ the following estimate is obtained

1 1 _x 212
<5- Ve < 4—8max {h3.h3}. (6)

By using trigonometric identities, as it has been done above, the expression |e=*¥ — 1| can be estimated from above
by 2. Finally, the term I; is estimated as follows:

L < lma.x{lflz,h§} / dy = = max {n2,h%}. (7)
96 96
lyl<1
To estimate the term I, := (2,1,)2 (% - #) e*®Ydy|, integration by parts w.r.t. y; will be used. Particu-

Iy1>1.yEQy, 4,
larly, considering that the integration domain [y| > 1 Ay € Qp, 1, is a rectangular domain with a circular whole of
radius 1, the integration by parts leads to the following three summands:

i

hy

1 1 1 1 ; - 1 1 1 1 ; —ix; = i, =
L<—— —— | = — —= ) e Y cos(nn, y1)dy| + -—— - - — e (e tho—e 1’11>d
> = 2np / i <d2 |y|2> I+ Gy | / <d2 |y|2>| ” .

lyl=1 =i n=iy
1 1 / 2 2]’1;1 sin(hlyl) e_ix'yd
@7 | iyl* a* "
Iy1>1yEQy, 1,
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where 7 denotes the outer unit normal vector, which is related to the unit circle |y| = 1 in our case, and the second
summands combines terms obtained for y; = —hl and y; = hi Estimating first two summands similar to I;, we get:
1 1

lyl* d

1 1
L <— h2 h? / y + ——— h ,h2 / /
103 oy M {12 96| max{ ) de (2n)2 |x1|

[YI>1.y€Qy, 1,
At first, the expression under the last integral is estimated as follows:
2sin(hyy;) 2k sin(yyr)

2y1 Zhl_l Sin(h1Y1) 2y1 2 Sin(h1 yl)

Iyl* d Syl mlyl mlylt df
2y1 = 2k sin(uy))| 2 d*—lyl*
< — |sin(h _— =I+1I
< T o sin( 1Y1)< Tyl > +

Next, expanding sin(h, y;) into Taylor series the term I is estimated as follows:

h cos(h,y;0) 3

_ 2y1 - 2]’11_1 sin(hlyl) _ 2)’1 2_)/' + 2—y1 _ 2]’1% Cos(hlylG))yi h2 h
4 - 4 =27 2 , with © € 0,1).
lyl lyl 3! lyl T3yl
Using the same Taylor expansion for the term II leads to
d* — 1vl* h3 cos(hyy10) — ly|?||a? 2
m= = sin(h1y1) il 1 < = |y — L ” vl il
h d*lyl* h 3! d?lyl? d?lyl?

The last two factors can be straightforwardly estimated as follows:

7[.2

T 2lyl*

x> max { hj, h?}
48 ’

d> + |yl
?ly|?

— |y|?
d’ly|?

where inequality (6) and related results have been used. Thus, the term II is estimated as follows:

h3 cos(hy1©) ,| #°max {R.n2} 2 hicos(hy®) |\ #*max {h3.h%}
II < |2y, — |- . 5 < | 2Inl nll: >
3 48 2)y| 3 96|y
5 h: .\ #*max {h},n2}  z*max{h},h?} x*h? max{hi h?}
< + J— . = .
<\ 2lyl lyl %Iy 28 1y] 288 lyl

Collecting both estimates for I and II leads to

2y, 2hytsin(hiy)

h?  z*max {h?, h? 1 #*h?max {h?, h?
(0, ) 4 S N

3 48 ly| 288
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Finally, the following estimate for I, is obtained:

k3

max { hj, 2} max {hz,hz} iy 4
2= 792 ] / T96 -l / .
lyl=1 J’2=_%
1 / h_% . r*max {hj, h2} 1 . 7*h? max {h, 2} il ay
472 | 3 48 Iyl 288 '

ly1>1.y€Qp, 1,

The last integral has to be calculated by using polar coordinates. To enable the transformation to polar coordi-
nates, the rectangle Qp, 5, has been extended to a square with a side-length equal to the maximum side of the original

rectangle. Thus, the transformation to polar coordinates could be performed leading the following calculations for — ok

\ﬁz{
27 min{hy.hy}

1 _ \/—n
[ <] ;.rdrdg,,_z,r(mm{hhhz} )

Iy1>1YEQu 1, 1

In order to assure positiveness of the expression ( Van T 1), a restriction for stepsizes hy, h; needs to be made.

min{h,.h,
In this case, the last term is positive if min {h;, h,} < \/Eﬂ'. Integrating similarly the term |y| and collecting all results,
finally the following estimate for I is obtained:

1°°"2 1
+
96| | 48h; |x | Jal 3v/2min {hy,h,}  48V/2min {hy, hy)
V2R max {h2, 2} n3h?max {h3,h2} K2 73 max {h? hZ}]

L <

rmax {h;,h?}  xmax{hj, h?} 1 l h? x*max {h, h2}

1°7°%2 1°7°%2

g64min {hL, 2} 1728 ~6x 9

For the estimation of the third term I; := —— / dy again the integration by parts w.r.t. y; is used,

@n)
" ivleR>Q,, 1,
and taking into account calculation rules for improper integrals it follows:

IyI2

< 1 / 1(x1y1+nyz)d d < 1 1 T / 1 1 —ixy (—» )d
38— — 5 - Anayz| = m - e “-cos(n, y1)ay
(2r)? Vi+y2 @)? |boes b1yt +y;
VIERQ, 1, Iyl=b
+ LIl / (- a4 o e [ Dheay
@2m)* |ix m2h;? + y? @m)*| ix yl*
Yo== hz |y|€R2\Qh1.h2
i
1 . 1 1 1 1 1
lim / dy + / dy, + / —dy.
47r2|x1| b—>oo y% + y% 27[2|X1| ﬂ'zhlz + y; ”lell |Y|3
lyl=b =i IV1ER2Qpy 1y

The first improper integral tends to zero for b — oo, as well as the third integral is zero. Thus, the following estimate
for I is obtained:

h hy
I <1 t.
= Bl e an<h2>

5U801 ] SUOWILIOD SAIEBID) 3[qeo1dde Uy Aq pauBAB 918 SBPILE YO ‘38N JO Sa|NJ 10} AT T 8UIIUQ AB1IA UO (SUOIPUOO-PUR-SLLLISYLICY" &S| 1M AR 1UIUO//Sc1L) SUOIIPUOD PUE SIS | 841 995 *[5202/80/8T] U0 AXRIq1T8UIIUO AB]1M TXDIMZ 3NUISUIOH SUDSISUIRSISIM ATl £7./ BLIW/Z00T OT/I0P/LICY" A3 1M AR 1PUIIUO//Sc1Y W1 PpRO|UMOQ ‘0T *¥Z0Z ‘9L T660T



8008 Wl L EY LEGATIUK ET AL.

Similarly, the use of integration by parts w.r.t. y, leads to the following estimates for I; and I:

10772 2
— +
96|x2| 48h1|X2| |x2| 3\/51’11111 {hl, hz} 48\/511111’1 {hl, I’lz}
V2R max {k2, 2} h2max (k3 h2}  R: 7P max {h}, K2}

1°7°%2 1°°"2 1°°"2

864 min {h;,h3} 1728 67 96

1°°"2
h h

I; < —2 _arctan [ =2 s
73| hy

where the restriction min {hy, h,} < \/57: has been made again during estimation of .
To obtain the final estimates for I, and I3, the expression (|x; |I)? + (|x;|Ix)? for k = 2,3 needs to be studied. For
k = 2 it leads to:

L <

rmax {hi,h?}  zmax{hi, h?} 1 l h? 7*max {hi, 2}

5 5 rmax {hi,h?}  zmax{h, h?} h? r*max {hj, 2} h?
(all2)” + (x| L) < 9% 5h >
2 Sﬁmin{hl,hz} 48\/51’1’111’1{]’11,]’12} 4
2
+ﬂ6\/§hf max { hj, 2} _ 7*h? max {hj, 2} ~ 7 max {h, 2} . (ﬂmax {h.n%} N h
2
wmax {h3, h?} r*max {hj, h2} né\/ihg max { h}, h?} ~ 7*h2 max {h, 2} _ h_% _ 73 max {hf,h%}) _—
48h; 48\/§min {(hi,hs) 864 min {hi’ h;} 1728 6r 96
and thus the final estimate for I, is obtained
L <1V )
x|
Analogously, for k = 3 it leads to
(11 |13)* + (Jx2|I3)? < %h?arctan2 <Z—i> + %h%arctan2 <Z—j> ,
and thus the final estimate for I5 is obtained:
11 h n\1?
I < s [lfzfarctan2 <h_2> + hjarctan’ <h—1>] . (10)

Finally, combining the estimates (7), and (9) and (10) for I;, I, and I5 the final estimate is obtained as follows:

T 11 h h :
L+L+L< og max {n2.n} + X [hfarctan2 <h—:> + hZarctan? <h—j>]

. 1 l(nmax{hz,hg} wmax {h;, h%} h? 7*max {hi, 2} nﬁ\/zhf max { hi, 2}
x| 9% 48h, 3y/2min (hy,hy}  48y2min (hy,hy)  864min {k,h3}
ohimax {3k} W max{hLh2}\* [zmax{h}h?} xmax {h )} h2

- 1728 C6m 96 - 96 HETTRE 3v/2min {hy. hy)

. r*max {hi, h2} N né\/ihg max { h, h2} _ w*h2 max {hi, h?} _ h_% _ m3 max {hi,h?} I
481/2min {h, h,} 864 min {h3,h3} 1728 6 96 '
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Further, by using estimates h; < max {h;,h,} and h, < max {h;, h,} in the numerator of (9), as well as using esti-
mates h; < min {hy,h,} and h, < min {hy, h,} in the denominator of (9), and omitting fourth-order term, the above
estimate can be finally simplified to the following form

C C, max {h? h?
Li+L+1 < Cymax {hi,hy} + ﬁmax{hl,hz} + ﬁ min?hl hj}}

where C;, C,, C; are constants independent on the stepsizes h; and h,. Thus, the assertion of the theorem is proved]

For a better presentation of the estimate in Theorem 1, the estimate is calculated along different lines of a rectangular
lattice. To provide a better overview of the estimate, all plots are calculated for the complete form of the estimate obtain on
the pre-last step of the proof of Theorem 1, i.e., without involving extra assumptions for simplification of the final form.
Moreover, the influence of ration a = % on the estimate is analysed. Additionally, since the estimates tend asymptotically
to zero, only the region with indices till 20 is considered. Figure 1: estimate calculated along coordinate axes and along
the main diagonal of the rectangular lattice, i.e., for points (m; hy, 0), (0, myh,), and (m,h;, mih,), respectively, for h; = %
and h; = i. Figure 2: estimate calculated along the main diagonal of the lattice for different values of ratio a.

As it can be seen from Figures 1 and 2, higher ratio between stepsizes h; and h, leads to a bigger error; and the lowest
error is obtained in the case of h; = h,. This behaviour is not surprising, because a square lattice is, in fact, the ideal mesh

Estimate along the main diagonal and coordinate axis for hy = %, hy = i
14—

—Estimate for points (mjhy, mihs)
e ---Estimate for points (mjhq,0)
A - Estimate for points (0, mzhs)

W10

53
\
i
P
€3]
FIGURE 1 Calculation of the error )
estimate along the main diagonal and
coordinate axes based on Theorem 1 ol
0 2 4 6 8 10 12 14 16 18 20
Indices of nodes
Estimate along the main diagonal of the lattice for different o = Z—f
120 -_—
--hy = 4hy
ool —hy = 3hy
B ~hy = 2.5k
% —hy =2y
- —hy = 1.5k
£ —hy =1~y
Sy
%
FIGURE 2 Calculation of the error 20

estimate along the main diagonal for
different values of a based on

0 2 4 6 8 10 12 14 16 18 20

Theorem 1 Indices of nodes
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from the point of view of numerical approximation. It is also known, that any deviation from the ideal mesh produces
higher approximation error,'* although providing higher flexibility in practical applications.

For convenience reasons of some theoretical constructions, it is worth to present the following shorter version of the
estimate from Theorem 1:

Corollary 1. Under assumptions of Theorem 1 and assuming h, = ah; for a € R, the following two cases hold:
() forae(© i 1B, 00 -E@| < Cik+ 2 (¢ +2),
(i) fora € (1, 00): |E,), (0 - EX)| < Cra*h? + T2 (C; + Cia),
where C;, C,, and Cs are arbitrary constants independent on the stepsizes h;, h,, and parameter a.

Analysing the above estimates, it is clear that estimates diverge for « -» 0 and a« — oo for the first and the second
case, respectively. This fact is natural because @ - 0 and @ — oo represent extreme cases of a rectangular lattice with
infinitely large rectangles in x; or x, directions. In practice however, the parameter « will always remain finite and posi-
tive, and thus, the estimate will always be finite, but can be arbitrary large. Finally, the two above cases can be combined
as follows:

Corollary 2. Under assumptions of Theorem 1 and assuming h, = ah; for a € R, the following estimate holds:

h

IEY (%) — E®)| < Ci(@)h] + Ca(a)
vha x|

where C1(a) and Cz(a) are constants depending on a, which might tend to infinity for « — 0 and a — oco.

Corollary 2 presents similar behaviour of the estimate (sum of linear and quadratic terms with respect to the stepsize)
as in the case of a square lattice.'> However, in the case of a rectangular lattice, only stepsize h; appears explicitly in the
estimate, while the influence of stepsize h; is controlled by a-dependent constants.

Next step is to construct the estimate in IP(Qy, ,), where Qy, 3, is a discrete domain:®

Theorem 2. Let EZD ,. be the discrete fundamental solution given in (4) of the discrete Laplace operator, and let E be

the continuous fundamental solution (3) of the classical Laplace operator. Further let A(Qp ) := ), hihy, and let
XEth»hz
Ly := diam &y p,, L, := diam Qy, j, i.e., the diameters of Qy, p, along x; and x, directions, respectively. Then for all
X1 X2

x#0andhy, h, < \/Ezr the following estimates in IP(Qy, »,) hold:

o forp=1:
”E;lll)’hz(x) - E(x)”l1 < % max { hi, 3 } A(Qn, r,) + (C1 + 4max {h1, hy})
X <C2 max {h, hy} + C3%> ;
o forl<p<2:

0], = 5 o ) i+ (e

max { hj, h2} )

min {hy, hy}
x | —2h: — + 2h; 2h P + phy P - i_l L2 2h P + phy P — i_l
(W2 +h2): P-1 I p-1 b
2-p p
+22+fp <(\/E(max{L1,L2} — min {hl,hz})> — (min {hl,hz})z“’)] g
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o forp=2:

|E 00— B, < 22 max {1, b3} [A@n )] + <c1 max {hy, by} + G,

max {2, 2}

min {hl,hz}

\/E(max {L1,L,} — min {hy,h,}) E_
min {hy, h,} '

X l 4hhs + C3— C4(hy + hy) + 27 1n

h3 + h3

s for2<p<oo:

HE;T,!Z(X) - E(x)”w < % max {2, h2} [A@4 1)]7 + <c1 max {11, by} + C;

max { h}, h%} )

min {I’ll,]’lz}

x l h 2 <2h1‘p +phl7 - —p3_1> + 2L (2@“’ +pRLT - %)
(W +h): P~ L/ P Lz

+I% ((min{hl,hz})Z-P - (ﬁ(max{Ll,Lz} — min {hl,hm)z_")] ',

» forp = oo:

1
y/min {3, h3}

where all constants are independent on the stepsizes h; and h;.

T
IE,,.®) = E® =@, ) < o= max {h}, h3} +

96 min {hl,hz}

max{hf,hﬁ})

X <C1 max{hl,hz} +Cp——=—

Proof. For the sake of completeness, the proof of IP(€2,, ,)-estimate will be carried out with all long expressions, and
it will be simplified to the form presented in the statement of the theorem as the last step of the proof, similarly as it
has been done in the proof of Theorem 1. Moreover, for shortening the subscripts, the notation /’ will be used instead
of IP(Q4, n,)- The proof starts with using of the definition of the I’-norm and applying the Minkowski inequality. After
that, considering the proof of Theorem 1, the following expression is obtained:

||El(111)’h2(X) - E(X)”zp - ) |E§111),h2(m1h1’ mahy) — E(myhy, m2h2)|ph1h2 "

(myhy,myhy)EQy, hy

T 2 32 il 2 2 ﬁ 2 2 @ %
< ”96 max {h}, 3} , + x| <h1arctan <h2> + hZarctan <h1>> ILD
1 l(nmax{hf,hg wmax {h;, h%} W r*max {h, 2} nﬁ\/ihf max { hj, 2}
x| % 48h; 3v2min (k. by} 48V2min (b hy)  864min {h), h3}
ormax () K Ama (k) (rmax (k) xmax (K} n2
1728 6 96 96 48hy 3v/2 min {hy, hy)
L etmax (i) eV max (i) aRmax (hR) R max () ii
48y/2min {hy, by} 864min {h}, h3} 1728 67 9

r
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8012 Wl L EY LEGATIUK ET AL.
After shorting notations by defining A(Qp n,) := Y, hihy, the following estimate can be obtained:
XEQ, 1,
”E(l) ) —E(X)” < lmax{hz h} [AQn,n )]Il’ + 21 L ( n2arctan? h + h2arctan? CARE
hyhy r— 96 P2 e |X| lpﬂ'3 1 hz 2 h1
N HL mmax {h, b3} 7 max {h2, 2} N h? , mtmax{nin) 7®/2h3 max {h2, 2}
Xl e % 48h; 3v2min (k. by} 48V2min (hy,hy)  864min {h} h}
 PRmax (B} B max (K k) 2+ wmax {h2,h2}  xmax (k2 h} n2
1728 67 9 9 48h, 3v/2min (hy. 1)
27
atmax {h2, k)  z°V2W2max {3 h2}  2Rmax{h},h2} K2 Pmax{h}h2}
48\/2min (hy,h,)  864min {k}. h3} 1728 6z 9 '

By using the same simplification ideas as during the proof of Theorem 1, the above estimate can be reduced to the
form:

L 1
”E;lll)vhz(X) a E(X)”lp < % max {hzvhg} [A(thvhz)]p + HHH@ <C1 max {h1, hy} + C;

max {hf,hg})

min {hy, hy}

Application of the definition of the /P-norm to the term ﬁ leads to the following expression

Lo 1, L, ;
hih, hih, hih,
=14 _ 42 +2 , 11
» < Z Z 2 Z (mih)P Z (mzhz)p> (D

P
m;=1m,=1 (mlhf + m%]’l%) 2 m;=1 m,=1

1

x|

where [; and [, denote maximal indices of a domain €4, 0, inx; and x; directions correspondingly. Note that the indices
l; and I, depend on stepsizes h; and h;, and, in fact, they are inversely proportional to h; and h,, respectively. Keeping
this information aside, the proof will be constructed, and during final simplifications at the very end of the proof, the
dependencies of indices on stepsizes will be addressed.

Since the functions under summations in (11) are monotone decreasing functions, the estimation of these sums will
be based on the integral test. Each sum will be estimated individually. Since the single sums can be estimated easily,
at first the second and the third sums will be considered. The following estimates are obtained for the second and the
third sum:

hL

h(A+Inlh]), p=1, & 1 +In|L]), p=1,
hih, < hih, +/ hih, dm, S{ 2 p_l}}p o1 Z hih, < ! 2
p_ b

> — < _ _ll—P
P =ACIUR N NG Pyt = ok hh, P2 p> 1.

L

Application of the integral test to the double sum leads to the following estimate:

l Lk, Lh, Ly Lh,
Z hih;, < hih, i +/ hy de+/Lpdy+/ ;pdydx. (12)
E T I Y A A s

The technique to estimate double sum (12) depends on the number p. Therefore, at first the case p = 1 will be
considered, because in that case the double sum can be estimated again by help of the integral test explicitly as follows:
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LoL L+4/B+ i L+4/B+%2 lﬁhg
hih, hih, hy
< + lll’ll In|——|+ lzl’lz In

1

- 22 2p2\s T [ 5 2n? 22
m,= lmzl(WIh +mh)z h1+h2 1+ 1+% 1+ 1+%
2

The estimation of the double integral in (12) for a general p is more difficult, since only for integer values of p this
integral can be calculated explicitly, and even in that case, an iterative application of known integrals is needed.®
Therefore, instead of estimating the double integral over a rectangular domain, the rectangular domain is extended
to the biggest possible square constructed based on side-lengths of the rectangular, similar to the idea used during the
proof of Theorem 1. Thus, the double integral over a rectangular domain is estimated by a double integral over the
biggest square as follows:

Ly Lh, max {1 by Lh, ymax{ 1k Lh, }

/ / — 1 dydx< / / — 1 dydx.
2+ 2 24 2)

hy h, x4y )2 min{hy.h,}  min{h.h,} O+ %)

The construction, proposed above, enables the use of polar coordinates for an exact calculation of the double integral
over the biggest square. Thus, the integral can be estimated now as follows:

max{l,hy.Lh, }max{l,h,.L,h, } \/E(max{ Lhy Lhy }—min{h, .k, }) 5
/ 1 —-dydx < / /lprd(pdr =
x2 2)5 7!
min{h,.h, } min{h1 h,} 0+ y%)2 min{h,.h, } 0

Ly }—min{hy .k, })) ‘

mln{h by} p=2

— [\/E(max {lihy, bhy} — min {hy, hy})*™P — (min {hy, hz})z‘P] . D#2.

The one-dimensional integrals in (12) for p > 1 and p # 2 can be estimated as follows:

Lk, Ik, Lh, Lh,

/ de hzdx< L pnirair 1, / de h L opnlra? — 1,
. (x2+h§)§ ; XxP 1-p ! ! . (h%+y2)§ yP “1-p 2 2

Finally, for p = 2 the double sum can be estimated as follows:

Lo L
Z Z hih; < ?1”12 _ +arctan <ﬂ> _ arctan <E>
my=1m,=1 (mzh2 + m2h2)' hi+ h; h, h,

+ arctan <l;lﬁ> — arctan <%> + %ln ﬁ((max{llhl,lzhz} — min {h1,h2})) )
1 1

min {hy, hy}

Summarising the above results for different values of p, the following estimates are obtained:
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8014 Wl L EY LEGATIUK ET AL.
o forp=1:

min {h;, h,}

L+ B4 i ll+‘/lz+l§i§
2 h% 4h1h2 ! h%

X 411]’11 In — +2h2(1+1n|lll)+4lzh21n —
1+\/1+l% \/h2+h2 1+ 1+%
1

2

HE(D (x) —E(X)Hl] < % max {h2, h2} A(Qy, 1) + <c1 max {1, hy} + Cs

max {3, h2} >

+2h(1+1n|L]D1;

« forl<p<2:

||E(1>h x) — E(X)”

I/\

ax {hi,h2}
% max{h2 hz} [A(th hz)]p + <C1 max {hy,h,} + sz)

2h;Ph 2h k)P
R+h): P b p S

+—2 D <(\/—(max {11]’11, lzhz} — min {I’l1, hz})) P _ (min {I’l1, hz})z_p>] p;

« forp=2:

min {h;, h,}

X [hthlh; + 4 arctan (lh}: > 4 arctan <Zz> + 4 arctan (l}Z > 4 arctan <Z ) +2:—j 21111_ !

1
:| 2
>

< —max {h3, 3} [AQ, 1, ] <C1 max {hy,hy} + C,

max {h?, h2} )

V2(max {1k, Lbhy ) — min {hy, h,})
min {hy, h,}

ho2h-1
oL

+2 +2 In

« for2<p<oo:

=

”E(l)h x) — E(x)” <—max{h2,h§} [AQs, 1]

max{hf,hi})

C hi,ha} +C
_,.( 1max {hy,hy} + >"min {hy, hy}

2h;Ph 2h k)P
[ e T I OFr
B +hd)2 P b p S

+;1—<amnumhﬂfw (vEmMXUmLEM}—mm{hJuDYﬂ>r

Finally, dependencies of the indices [; and [, on h; and h; for a fixed domain Q, ;, needs to be taken into account.
To overcome this issue, instead of working with indices of points, the quantities L, = l;h; and L, =, representing
diameters of & p, in x; and x, directions, respectively, will be considered. After that, the above estimates can be sim-
plified to the form presented in the theorem, and the remaining step is to construct [*-estimate. Using the definition
of the norm leads to:

I, ) = E®lli=,,,) = sup E}, (0~ E®),

erhl’hz

where x = (m1hy, myh,) with my, m, € Z, and h,, h; are stepsizes tending to zero. Recalling the estimate provided by

Theorem 1:
max { hj, h2}
min {hy,hy} )’

1°°"2

|E;lll)’h2(x) —-EX)| < % max { hi, h3 } + <C1 max {hy, hy} + C,
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and taking into account the definition of |x| and simplifying the resulting expression, the following estimate is
obtained:

2 1,2
1 max {hs, h
IES %) - E®lim, ) < o= max {h2,h2} + x [ c1max (1, hy) + Cp——— L 20 {h. b} ,
2 L2 96 . 2 12 mln{hl,hz}
min { hi, k3 } |m|
where [m| = 4/ m% + m%. Finally, noticing that the fraction ﬁ takes its maximum for |m| = 1, the final
min{h?,h3}|m|
estimate is obtained. Thus, the theorem is proved. O

To illustrate the I’ estimates for different values of p, the estimates are calculated with h, = ah; for a« = 3 and decreas-
ing values of h;. Figure 3 shows calculations the estimates for different values of p with respect to the stepsize h; in a
logarithmic scale. Similar to the results presented in Figures 1 and 2, the [P-error is smaller if the parameter « is close to
1. As it can be clearly seen, all estimates converge to zero for h; — 0 for p = [1, o), as expected. The case p = o illustrates
as h; tends to zero, the [® estimate represents the difference between continuous and discrete fundamental solutions at
a point arbitrary close the coordinate origin, where the continuous fundamental solution has singularity, and therefore,
this difference cannot become zero for any arbitrary small, but finite, stepsize h; (since in this example h, = ah;).

Similar to the discussion after Theorem 1 summarised in the form of Corollary 2, it is worth to present the following
corollary:

Corollary 3. Under assumptions of Theorem 2, and assuming h, = ah, for a € R, then the following estimates hold:

« forp=1: ”E;lll),hz(x) - E(X)”ll < 50 hiAQu, n,) + C(@)hy + Ca(a)hi;

+ for1<p<2|EY, 00— B, < Za?r2 (A 1|7 + mCi(@)(Cale P, = Cx(a.pn )

= 9 1

< Z @R} [AQp, 1)) ? + i C1(@)(C3(a) = Co(@)hy =27 1n h)z;

o forp=2: |E;11)’h2(x) — E(X) p S 1

. for2<p<oco: ||E§111{h2(x) - E(x)”lp < ZaPR2 [A@n 1)) + thl(a)(Cz(a, P — Cs(a, p)h1>p;
+ forp = oo: IE), (0 = E®lli= < C1(@)h} + Co(@)

where some of the constants depend on a and p, while the other depend only on a. Moreover, all constant tend to infinity
fora—0and a > .

(2)

3.2 | Estimates for the discrete fundamental solution E o
1-752

Looking at the [P-estimates for the discrete fundamental solution E;ll)h provided in Theorem 2, it becomes clear that
1.2

because of the term A(Qp, »,) a similar estimate cannot be obtained for the exterior domain Q‘;;’“h , since the related sum
1-7%2

[P-estimate for different values of p and o = 3

104 ¢ T T T T T

FIGURE 3 Calculation of

IP(€y, ,)-error estimates from
Theorem 2 in a logarithmic scale with
respect to h, for h, = 3h, fora
rectangular domain with length L; = 1
and height L, = 2 [Colour figure can be

viewed at wileyonlinelibrary.com]
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8016 Wl L EY LEGATIUK ET AL.
A(QZ’“ W) will be a sum over infinite set. To overcome this problem, another regularised version of the discrete fundamental
solution is considered:
1 ey — 1 e Xy 1 1
E(2>x=—/—d+ / d+/ — - —|dy|, 13
i, ® = 5 2w 2y Z )Y 13)

lyl<1 [y1>1.y€Qp, n, lyl<1

which is more suitable for applications in unbounded domains.'®> The fundamental solution E® isdifferent to the E"

hy.h, hy.h,
1 1 1
K> = 11 )y,
2= 2y / <d2 |y|2> Y

lyl<1

by the following constant:

which depends on hy, h,, since d? contains the stepsizes. Moreover, considering that d? — |y|? for h; — 0 and h, — 0, the
constant K, tends to zero as well. Additionally, consider the difference

E,)\ ®) = En,(® = E,) (%) +K; — Ej,(®) = Ki + Ko,

which states the relation between three different formulations of the discrete fundamental solution of the discrete Laplace
operator. Based on previous calculations, the sum K; + K, can be estimated as follows:

2 h?, h?
K 4+ K < ﬂmaX{ 1 2}ln< \/57r )+Lmax{h2 hz},

min {h}, b min {h1, hy} | 192 2

where each summand corresponds to the estimates for K; and K, respectively.
Theorem 3. Let Ef)h be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be
1-7%2

the continuous fundamental solution (3) of the classical Laplace operator. Then for all x# 0 and all hy,h, < \/Ezr the
following estimate holds

C c, max{h},h3} ¢
E? x)-E®)| <= hihy)+ 22— 24 2 hi.h3} .
Ej, 00 = BOOI < 5 masx (. o) + 1% e i < mae (k. )

where the constants C;, C, and C; do not depend on the stepsizes h; and h,.

Proof. Analogously to (5), application of the triangle inequality leads to

2) 1 1 1 _ixe
|Eh1,h2(x) -E®)| < )t / <ﬁ - W) e *Vdy
|

yl<1

1 1 1 » 1 e Xy
+ e ™vay| + dy]| .
@) / <d2 |y|2>e T 20 / iz Y

IY1>1€Q 1, IVIER Qs 1,

By help of the proof of Theorem 1 the following estimate is obtained on the first step:

(2) 1 1 1 .
|Eh1,h2(x) —E®|<L+I+ G / <E - W) e XYdy|,

lyl<1
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where I, and I; are terms estimated during the proof of Theorem 1. Thus, the following term must be estimated:

1 1 1 ; .1 1 1 , 1 1 .
Iy = — —— | e ®Vdy| =1 — — — | e XYgy + = — ) e xYg
*T @y /<d |y|2)e Y| T8 /(d |y|2>e Y /<d |y|2>e Y
lyl<1 |

y|<e e<|y|<1

2y 2h;! sin(h, y,

By using integration by parts w.r.t. y;, the estimate of — — — provided in (6) and estimate of | S T ) ’ given

ly |2
in (8), the following estimate is obtained:

1 ) 1 1 2y 2hitsin(hiyn)\
<1 .= R, R\ 1 d li Zh TR ) iy g
4S oe 48 maX{ 1 2}51_1,%/ y + —— P lim | — o / <|y|4 T e y

lyl<e e<ly|<1

1 . 1 1 1 —ix- - 1 1 1 —ix: >
el [ () oo e gmimig [ (o) oo
[yl=e lyl=1

h?  z*max {h?, h? 7*h? max { h?, h? 72 max { h?, h?
SLLIm/Q_lJr {12}]i+ : {12}|y|>dy+ {12}/dy

72 | €0 3 48 Iyl 288 48
e<|y|<1 lyl=e
+7r max {hfh%} h? 753 max { h%, h2} . m*h? max {h?, h2} . wmax {h? h%}
- |x1 671' 96 1728 96 '
lyl=1

Analogously, integration by parts w.r.t. y, leads to the estimate:

L 12772 1°°"2
= 96 1728 96

1 (h% m*max {h? h2} a3h2max{h? h?} xmax{h? h2>
i .

Using again the expression (|x;|I,)? + (|x2|14)?, as it has been done in the proof of Theorem 1, finally the estimate for
I, is obtained in the following form:

1 <h_§+7r3rnax{h2,h§} 7*h?max {h?,h2} ﬂmax{hf,h§}>

4 < —
x| |\ 6z 9% 1728 96

M 1'%
671 96 1728 96

<h§ wdmax {h2,h2}  z3h2max {k2.h2}  wmax {2 h2}> ;
+ + ~

Finally, by collecting all terms together and simplifying the estimate for I, the theorem is proved. O

Similar analysis, as the one performed for the estimate presented in Theorem 1, is made for the estimate in Theorem 3.
The results of analysis are summarised in Figures 4 and 5.

Similar to the discussion around the discrete fundamental solution E”

P next corollary is introduced:

Corollary 4. Under assumptions of Theorem 3, let us further assume that h, = ah; for a € R, then the following estimate
holds:

B, 0 - Bl < ﬁ (Cr@h + Colks)

where Ci(a) and C(a) tend to infinity for « — 0 and a — co.

Theorem 4. Let E;Z) ,. be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be the
1°7%2
continuous fundamental solution (3) of the classical Laplace operator. Let Ly := diam Qy p,, L, := diam Q, j,, i.e., the
X1 X2
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Estimate along the main diagonal and coordinate axis for hy =1, hy =2  FIGURE4  Calculation of the error

wr : : estimate along the main diagonal and
—Est%mate for po%nts (m1hy, mihy) coordinate axes based on Theorem 3
. ---Estimate for points (mjhy,0)
B ' - Estimate for points (0, mghs)
E 25
=
® 2
%:
? 15—
E 10—
=
I
ol I I I | 1 __\ ------------------
0 2 4 6 8 10 12 14 16 18 20
Indices of nodes
. . . . . ; FIGURE 5 Calculati f th
Estimate along the main diagonal of the lattice for different o = Z—Z ) alewtation ot the error
120 1 estimate along the main diagonal for
~ho = 4hy different values of a based on
ok —hy = 3hy Theorem 3
N —hy = 2.5
® —hy = 2hy
] 80
\ —ho = 1.5R;
z —hy = 1hy
8 = 60— -
=
é 40

20

0 2 4 6 8 10 12 14 16 18 20
Indices of nodes

diameters of Qy, n, along x; and x; directions, respectively. Then for all x# 0 and hy, h; < \/571’ the following estimates in
lp(th »hz) hold:

e forp=1:

(2) _ max{hz,hg} 2 1,2 .
“Ehl’hz(x) E(X)Hl1 < (C1+4max {hy,hy}) <C2 max {hy, h,} + C3—min{h1,h2} + Cymax {h},h3} |;

o forl<p<2:

° max { h}, h?} -
“Ehphz(x) - E(X)“lp < (C1 max {hl,]’lz} + sz + Cz max {]’l . hz}

X l 4ty = + 2h21 <2h}“’ +ph; P — —p3_1> + _2h11 (2h§“’ +ph, P — 3_1)
R +m)s P- I p- 7

+22—7[P <<\/E(max {L1, Lz} — min {hl’hz})>2_p ~ (min {hl’hz})z_pﬂ ;;
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o forp=2:

ax {hi, hi}

|22, 00 - B, < (Cl max ) + Cro 2

+C; max{hz,h§}>

4, V2(max {Ly, L} — min {hy, iy }) || *
Cy—Cs(h h 2l ;
" lhz TG Gl min {h;. 7}

o for2<p<oo:

. {hf’hi}
£, @0 - B, < Clmax{hl,hz}+cz sy Camax (ki ki
1,72

x | b _ + 2h 2m7P + phy P — —3_1 L2 2h)P + ph) P — i_l
(R +h2: P-1 L p-1 IS

+p2—ﬂz ((mi“ (.o} = (V2(max Ly, L) - min {hy, hz}))‘”)] "

» forp = oo:

ax {h3,h%}

1 m.
IE®, (0~ EGolli= < <C1 max e e ) O {hz’h§}> ;

- \/min {hi, h2}

where all constants are independent on the stepsizes h; and h,.

Proof. The proof of the theorem is analogous to the proofs of Theorem 2. O

Similar, to the IP-estimates for the discrete fundamental solution E;ll) ny’ Figure 6 illustrates the estimates presented in
Theorem 4. The estimates are calculated for different values of p, a rectangular domain with side lengths L; =1, L, =2
is discretised by a lattice with h, = ah; for a = 3. As it can be clearly seen, all estimates converge to zero for h; — 0, as
expected, and the [*-estimate is bounded, as one could expect as well.

Short forms of the IP-estimates from Theorem 4 are provided in the following corollary:
Corollary 5. Under assumptions of Theorem 4 and assuming h, = ah; for a € R, the following estimates hold:

. forp=1: HEQ)h x) - E(x)” < Ci(@hy + Co(@)h? + Csh3;

[P-estimate for different values of p and o = 3

104 T T T — T T T

FIGURE 6 Calculation of the

[P(€y, ,)-error estimate from

Theorem 4 in a logarithmic scale with
respect to h, for h, = 3h, fora
rectangular domain with length L, =1
and height L, = 2 [Colour figure can be

viewed at wileyonlinelibrary.com]
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't:l»—

. fori<p<2: ||E(2>h x) — E(x)“ (Ci(@)hy + Ca(@)h?) <C3(a, PR — Cula, p)hl) ;
. forp=2: ”E@ x) — E(X)” (Cr(@)hy + Ca(@)h2) (C3(@) — Ca(@)hy — 27 Inhy)3;

+ forz<p<co:||EY, 00— E®)||, < (Ci@hi + Caeh}) (C3(a, P = Cula, p)h1>; ;
+ forp = oo: |E, 0~ E®li= < C1(@) + Cao(a)hy,

where some of the constants depend on a and p, while the other depend only on a, and one constant for p = 1 does not
depend on « and p. Moreover, all constant depending on a tend to infinity for « - 0 and a — .

Next step is to construct [P-estimates in the exterior domain, which is now possible, as it has been mentioned above, since
the discrete fundamental solution E;l ) n, is considered. The following theorem presents the IP-estimates for the exterior
domain:

Theorem 5. Let E;lzl)’hz be the discrete fundamental solution given in (13) of the discrete Laplace operator, and let E be
the continuous fundamental solution (3) of the classical Laplace operator. Let Qp, 1, be a discrete domain symmetric with
respect to coordinate origin, and let QZ’“ n, be its exterior domain. Let L; be the maximal distance between the coordinate
origin and boundary of Qy », in x; dlrectlon, and L, respectively be the maximal distance between the coordinate origin

and boundary of Qp, , in x, direction. Then for all hy, h; < \/Err the following estimate in lP(QZ’Tfhz) holds for p > 2:

hz’hz
”E(z) —EH < Clmax{hl,h2}+C2 {1 2}+C3max{hf,h2} _Amhy
I n{hy, hy} 2 (L2+L2)§
1145

1

2mQLy—hy) p+h 2mQLi—h) p+bL\’
e 5 (min (L, L) + 1L( T 2. T ZL( T L 12> ’
-1y L (-1 P- (L1 +m)p  p- (L2 + h2) p-
and for p = oo:
1 {hihz}
E”, E c By, ho) + Com 24+ C W, h2l ),
|| (X) (X)“ ~ min {L1 +h1,L2+]’l2} ( 1m3-X{ ! 2} * 2 {hl,]’lz} * SmaX{ 2}

where all constants are independent on the stepsizes h; and h,.

Proof. After using the Minkowski inequality, the following expression is obtained for a short form of the estimate:

1

p
p
= Z |E(2) (mlhl,mzhz)_E(mlhlam2h2)| hih,

(mlhl,mzhz)eQ;’;‘.

-

I

max { hi, h2}
_ , <C1 max {]’11, hz} + sz + C3 max {h%,hg}

Assumption of the theorem, that the discrete domain €y, p, is a rectangular domain symmetric with respect to the
coordinate origin is necessary for carrying out the proof explicitly. The use of this theorem for domains of a general
shape will be discussed later. Applying the definition of the /P-norm to the term ﬁ and taking into account that
exterior domain is considered, the following expression is obtained

oo o0 0 L-1
i, - (12 e ia 3 3

my =l m,=l, (m2h2 + m2h2) 2 m, =1, +1m,=1 (m2h2 + mzhz) 2

1 (14)

L-1 0

Z hyh, +o 2 hihy hih, p_
my=1lm,=l,+1 (mZhZ 2]’12)- my=l+1 (mlhl)p my=l,+1 (mth)p

o0

+4
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Figure 7 shows a subdivision of the exterior domain, which simplifies constructions of the estimate. Thus, the first
series corresponds to the region I, where the fact that exterior corner points belong to the exterior domain has been
taken into account.’ The second and the third series correspond to the strips IT and I, respectively. The last two series
represent summations along coordinate axes. It is also necessary to mention, that dimensions of the interior domain
Qy p, are fixed, i.e., coordinates of the points (L1, L;), (=L, Ls), (L1,—Lz), (= Ly, —L,), because exterior domain

sz‘hz is considered. However, indices of points correspondmg to the dlscrete boundary layer Yoo, = % (edges of

the rectangle in Figure 7) depend on the stepsizes as [; = h— and I, = 2. This dependency will be addressed at the
last step of the proof, while indices of the corresponding points will be used during the proof.

Let us estimate the terms in (14) by help of the integral test. The estimates will be done for p > 2, because the error
for p € [1, 2] does not converge to zero in the case of unbounded domains even for h; and h, tending to zero. The single
series in (14) can be estimated as follows:

(o]

hih, < hih, " hih, my < hih, <1 4 L+ 1) ’
(myhy)P = (L + 1)Phy ; (myhy)p (h + 1)Ph? p-1

my=l+1

o

hih, < hih, N hih, "y < hih, <1 4 L+ 1) -
(maho)P — (I, + 1)Ph‘2’ ; (myhy)P L+ 1)Ph12’
+1

2

my=l+1

To construct the estimate for the double series corresponding to the region II, the fact that this region is, in fact, can
be represented as the product
IIn:'=[L1+1,0)x[1,1,-1]

will be used. Thus, the estimate along the x;-axis needs to be multiplied with amount such lines appearing in the
region II, which is equal to I, — 1. Thus, the following estimate for the region II is obtained:

o -1 ©

2z ZL}) < X b, -1y < tul2 . <1+ll+1> <2_1)
mi=h+1m,=1 (M3 + m3h2)2 (myhy)P (L + PR p—1 h,

my=l+1
Lyh, L+1 hih, L+1
<———(1+ - 1+ ,
_(L1+h1)P< P—1> (L1+h1)P< P—1>
where the facts that L, = h;l; and L, = h,l, have been used. Similarly, the estimate for the region III can be obtained:

hih, - hh hihy < L+ 1> <L1 >
—— < -< 1+ = -1
m2h? B Z (mzhz)p h-Ds (I + 1)Phy p-1 hy

my=lm,=l,+1 (m2h2 my=h+1
Lih, L+1 hih, L+1
<——— 1+ — 1+ .
_(L2+h2)p< p—1> (L2+h2)p< P_1>

Next step is to estimate the series related to the region I in Figure 7. Application of the integral test to the double series
gives:

L-1

Sy e [ e [ [ [
my =, M=l 2hz+mzhz)z (Bh2 + 2h2)2 llhl(x2+l§h§)5 22(l2h2+y2)z llhllzhz(x2+y2)z

To estimate the double integral in the above expression, the transformation to polar coordinates by extending the
rectangular lattice to the biggest possible square lattice is used. Thus, the following estimate is obtained:

// —dydx < / / ;dydx < / /lrd(pdr _ m(min {Lihy, bhy})*P
o2 + yz)z o2 + yz)z rP 2(p-2)

Libh min {1,y Lk, ymin{1 kL, } min{lhy.,h, } ©

N
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T ext FIGURE 7 Subdivision of the exterior domain
1 hasha Q;:‘ j, for constructing IP-estimates
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The one-dimensional integrals can be estimated as follows:

(s

/ hy / Mg e :
zh@uﬂmy = - Dy mm+ﬁﬁ T (p = D(bhapt

iy

Combining all considerations presented above, the following estimate is finally obtained:

4h1h, + 4h, 4h,

Tt 5T +— (mMMMDw
(L%+L§)2 Ly -1 L, (p-1 P_

2n (2L —hy) p+ L + 2hy(2Ly —hy) p+ ) )ll’
(L1 + )P p—1 (L + hy)p p—1

The proof of [®-estimate is analogous to the proof of Theorem 2, and it needs to be taken into account that ﬁ has
its maximum on the interior boundary layer a;; n, of the exterior domain, which corresponds to minimum indices of
the point of exterior domain. This boundary layer can be characterised by using distances L; and L,, as it has been
done in Theorem 4, and making shifts towards exterior in corresponding directions. Thus, the points of ah n, are
characterised by the distances |L; + h;| and |L, + h;| in the x; and x, directions, respectively. The rest of the proof

follows immediately. Thus, the theorem is proved. ]

Figure 8 illustrates the estimates presented in Theorem 5 for the exterior of a rectangular domain with side lengths
L, =1, L, = 2, which is discretised by a lattice with h, = ah; for « = 3. As it can be clearly seen, both estimates converge
to zero for h; — 0, as expected, and thus indicating the advantage of working with the reformulated discrete fundamental

(2)
solution Eh1 h

Remark 1. 1t is necessary to remark how the [P-estimates for interior and exterior domains presented in this section
can be used for discrete domains of arbitrary shape. Consider for example an L-shape domain, which is not symmetric
with respect to the coordinate origin. In order to apply the [P-estimates presented in this section, the L-shape domain
should be replaced by the smallest possible rectangular domain containing the original L-shape domain, and the
coordinate origin should be placed at its centre of symmetry. After that, all estimates can be used directly. Of course
in this case the estimates will be rough estimates, and they become worse for domains elongated in one direction.
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FIGURE 8  Calculation of the [P-estimate for different values of p and o = 3
lP(Q;'lx‘h )-error estimates from 103 T s ——— e

Theorem 5 in a logarithmic scale with
respect to h, for h, = 3h, for the
exterior of a rectangular domain with
length L; = 1 and height L, = 2 [Colour
figure can be viewed at
wileyonlinelibrary.com]|

10'3 L L
10° 10 103 102 107 10°

Nonetheless, this approach provides first ideas for error analysis of arbitrary-shaped discrete domains, since explicit
calculations of error estimates, as presented in this section, can be carried out only for some specific case, and not in
the general case.

The following corollary presents short forms of the /P-estimates in the exterior domain:

Corollary 6. Under assumptions of Theorem 5 and assuming h, = ah; for a € R, the following estimates hold:

-ﬁM<wwmkﬁ¢m—ﬂmms«mmm+&wm9«ummw+qmmm+awni

» forp = oo ||E), %)~ E®l= < Co(@hs + Ca(@)h},

where some of the constants depend on a and p, while the other depend only on a or p. Moreover, all constant depending
on «a tend to infinity for « - 0 and a - .

4 | CONCLUSIONS

Several estimates for the discrete fundamental solution of the discrete Laplace operator on a rectangular lattice have been
presented in this paper. Additionally to extension of the classical estimates, new results related to the exterior setting have
been constructed. Thus, this article provides a basis for future convergence analysis of the discrete potential method on a
rectangular lattice.
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